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A 7ECHN1QUE F0R 7HE ANALY515 0F 7RAN51EN7 5E15M1c 516NAL5 

8Y A. D21EW0N5K1*, 5. 8L0CH AND ~ .  LAND15MAN 

A857RAC7 

An ana1yt1ca1 meth0d, ca11ed the ••mu1t1p1e f11ter techn14ue,•• 15 5h0wn t0 6e a fa5t 
and eff1c1ent mean5 0f 5tudy1n9 mu1t1-m0de d15per5ed 519na15. Ampfftude5 and 
pha5e5, a5 funct10n5 0f per10d and ve10c1ty, are determ1ned fr0m the 0utput 0f a 
5et 0f narr0w-6and d191ta1 f11ter5. 7he 9r0up ve10c1t1e5 and 0ther d15per510n pa- 
rameter5 determ1ned 6y th15 techn14ue are c0nc0rdant w1th the0ret1ca1 va1ue5 when 
the meth0d 15 te5ted w1th 5ynthet1c 5e15m09ram5. 1t can rec0ver 6r0ader p0rt10n5 
0f the d15per510n pre5ent 1n 0rd1nary 5e15m1c rec0rd1n95 c0mpared t0 the c1a551ca1 
peak and tr0u9h meth0d. A 51mp1e d1a9n05t1c d1a9ram 15 1ntr0duced 1n 0rder t0 
5tudy the t1me and fre4uency re501ut10n perm1tted 6y th15 ana1yt1c techn14ue. 

1. 1N7R0Duc710N 

7he ••mu1t1p1e f11ter techn14ue•• 15 5h0wn t0 6e a fa5t, eff1c1ent meth0d 0f ana1y21n9 
mu1t1p1y d15per5ed 519na15. 7he amp11tude5 and pha5e5 0f 519na15 pa55ed 6y an array 
0f narr0w-6and f11ter5 ean 6e u5ed t0 mea5ure 9r0up ve10c1ty, re1at1ve exc1tat10n and 
tran5m15510n a5 funct10n5 0f per10d and ve10c1ty, 1atera1 refract10n, m0da1 v16rat10n5 
0f the 5urface, and 0ther d15per510n parameter5 a550c1ated w1th a var1ety 0f m0de5 
rec0rded 6y a 51n91e 5tat10n f0r 0ne event. 

7h15 techn14ue can rec0ver 6r0ader p0rt10n5 0f the d15per510n pre5ent 1n 0rd1nary 
ree0rd1n95, c0mpared t0 the e1a551ea1 peak and tr0u9h meth0d. 7h15 fatter meth0d 
0ften fa115 when the 519na1-t0~n015e rat10 decay5 0r when the 519na1 15 c0ntam1nated 6y 
0ther arr1va15. 51m11ar d1ff1cu1t1e5 have 6een n0ted when the pha5e de1ay ca1cu1ated 
6y 0rd1nary F0ur1er ana1y515 ha5 6een d1fferent1ated 1n 0rder t0 06ta1n the 9r0up 
ve10e1ty. 

D191ta1 meth0d5 have 6een u5ed prev10u51y 1n d15per510n 5tud1e5, 5uch a5 the 1n- 
ve5t19at10n 6y A1exander (1963), wh0 u5ed fre4uency and ve10c1ty w1nd0w5 t0 1501ate 
p0rt10n5 0f the 065erved m0de5. Areham6eau, F11nn and Lam6ert (1966~ a]50 u5ed 
d191ta1 f11ter5 1n a 5earch f0r d15per510n 1n 60dy wave arr1va15. 

Recent1y, Land15man, D21ew0n5k1 and 5at5 (1969, wh1ch w111 6e referred t0 a5 
••Paper 1•• hereafter) deve10ped an aut0mated pr0ce55 ca11ed ••m0v1n9 w1nd0w ana1y- 
515~, wh1ch pr0duce5 a d15p1ay 0f amp11tude5 and/0r pha5e5 a5 funct10n5 0f per10d and 
9r0up ve10c1ty. 7he5e re5u1t5 were ca1cu1ated 6y F0ur1er ana1y515 0f 5u1ta61y w1nd0wed 
p0rt10n5 0f the 5e15m09ram. Re5u1t5 pr0duced 6y the mu1t1p1e f11ter techn14ue 0ften 
5h0w 9reater fre4uency re501ut10n, when c0mpared w1th th05e ca1cu1ated 6y the m0v- 
1n9 w1nd0w pr0ce55. 7he pre5ent techn14ue d0e5 n0t have the 1ntr1n51c per10d 5h1ft 
n0ted f0r the ear11er meth0d, and the re5u1t5 are 06ta1ned w1th a much 5ma11er ex- 
pend1ture 0f c0mputer t1me (5ect10n 11). 

7he d15per510n parameter5 1nferred fr0m mu1t1p1e f11ter ana1y515 can 6e te5ted, u51n9 
5pec1a11y prepared 5ynthet1c 5e15m09ram5. 7he mea5ured re5u1t5 c0mpare fav0ra61y 
w1th the the0ret1ca1 va1ue5 (5ect10n 111). A 51mp1e d1a9n05t1c d1a9ram 15 1ntr0duced 
wh1ch may 6e u5ed t0 5tudy the re5u1t5 pr0duced 6y the mu1t1p1e f11ter techn14ue f0r 
d15per510n curve5 0f var10u5 type5. An ana1y515 0f the t1me and fre4uency re501ut10n 

* 0n  1eave fr0m the 1n5t1tute 0f 6e0phy51c5, P0115h Academy 0f 5c1ence5. 
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ach1eved f0r mu1t1-m0de pr0pa9at10n fr0m a 51mu1ated ••earth4uake•• and 1t5 ••after- 
5h0ck,•• w1th a 5ma11 1nterva1 6etween the1r 0r191n t1me5, repre5ent5 an 111u5trat1ve 
examp1e 0f the u5e 0f th15 type 0f d1a9ram (5ect10n 1V). 

7he rep0rt repre5ent5 an0ther c0ntr16ut10n t0 a c0nt1nu1n9 5er1e5 0f 5tud1e5 wh05e 
06ject 15 the extract10n and 1nterpretat10n 0f the wea1th 0f 1nf0rmat10n c0nta1ned 1n 
0rd1nary 5e15m09ram5 (810ch and Ha1e5, 1968; Land15man, D21ew0n5k1, 5at6, and 
Ma556, 1968; Paper 1). 
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F16.1. Mu1t1p1e f11ter ana1y515 0f 5urface wave5. Ma9n1tude 5.5 (U5C65) earth4uake 1n 50uth- 
ern Ma1aw1, 50uthea5t Afr1ca a5 rec0rded 0n 10n9 per10d vert1ca1 c0mp0nent 0f WW55N 065erva- 
t0ry at Pret0r1a, 5. Afr1ca. C0nt0ur5 0f re1at1ve ener9y (5 d6 1nterva1) a5 a funct10n 0f per10d 
and 9r0up ve10c1ty, c0rrected f0r 1n5trumenta15y5tem. 7h1ck 5011d 11ne5 repre5ent 9r0up ve10c1t1e5 
1nferred fr0m the c0nt0ur5 (r19ht t0 1eft) : Ray1e19h m0de, f1r5t 5hear m0de, 5ec0nd 5hear m0de, 
th1rd 5hear m0de. 510wer p0rt10n 0f 5ec0nd 5hear m0de uncerta1n, marked w1th 6r0ken 11ne. 

11. MUL71PLE F1L7ER 7EcHN1QuE 

7he mu1t1p1e f11ter techn14ue can re501ve c0mp1ex tran51ent 519na15 c0mp05ed 0f 
5evera1 d0m1nant per10d5 that  arr1ve at the rec0rd1n9 5tat10n a1m05t 51mu1tane0u51y. 
1n5tantane0u5 5pectra1 amp11tude, pre5ented 1n d6 a5 a funct10n 0f per10d and 9r0up 
ve10c1ty, may 6e 1nterpreted 1n term5 0f mu]t1-m0de 9r0up ve10c1ty. 7he5e amp11tude5 
and the c0rre5p0nd1n9 pha5e5 are d15p1ayed 1n a manner wh1ch 15 51m11ar t0 that  em- 
p10yed f0r m0v1n9 w1nd0w an~]y515 (Paper 1). When mutua11y 0rth090na1 c0mp0nent5 
0f the m0t10n are ana1y2ed, the re5u1t5 can 6e u5ed t0 5tudy the three-d1men510na1 



v16rat10n 0f the rec0rd1n9 51te 1n term5 0f the e111pt1c1ty and pha5e f0r each 0f the 
065erved pr0pa9at1n9 m0de5. Quant1tat1ve determ1nat10n5 0f 1atera1 refract10n and 
5eparat10n 0f wave type5 are a150 p055161e. 

A. An examp1e 0f ana1y515 u51n9 the mu1t1p1e f11ter techn14ue. F19ure 1 pre5ent5 an 
ana1y515 0f the 10n9-per10d vert1ca1 rec0rd1n9 fr0m the W0r1d W1de 5tandard 5e15m0- 
9raph Netw0rk (WW55N)  065ervat0ry at Pret0r1a, 5. Afr1ca, f0r an earth4uake 
wh1ch 0ccurred 1n 50uthern 5~[a1aw1 0n 6 May  1966 at 02:36:56.8 6M7.1n5 tan tane0u5  
5pectra1 amp11tude 1n d6, a5 a funct10n 0f 9r0up ve10c1ty and per10d, ha5 6een c0n- 
t0ured after n0rma112at10n t0 a max1mum va1ue 0f 99 d6. C0nt0ur5 are u5ua11y drawn 

FREQUENCY AND 71ME D 0 M A 1 N  F1L7ER1N6 
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d) 
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F16. 2. C0mpar150n 0f re5u1t5 0f f11ter1n9 1n fre4uency and t1me d0ma1n5. (a) 5e15m09ram 0f 
F19ure 1. (6) 7race (a) f11tered 1n fre4uency d0ma1n f0r per10d 10 5ec. Enve10pe ca1cu1ated fr0m 
1n-pha5e and 4uadrature f11tered trace5. F0r deta115 5ee text, 5ect10n 11 8. (c) 7race (a) f11tered 
1n t1me d0ma1n. (d) D1fference 6etwee~ trace5 (6) and (c). 

a t  1 d6 1nterva15 f0r 1nterpretat10n 0f the ana1y515, 6ut  here they are 5h0wn 0n1y 
at  5 d6 1nterva15 f0r c1ar1ty 0f pre5entat10n. Amp11tude m1n1ma are 1nd1cated 6y  hatched 
area5. 7he  ana1y2ed rec0rd1n9 15 pre5ented w1th a 11near ve10c1ty 5ca1e at 60th 51de5 
0f the d15p1ay f0r c0mpar150n w1th the c0nt0ur5.7he d15per510n 1nferred f0r each 0f the 
m0de5 15 1nd1cated 6y  the 11ne5 a10n9 the r1d9e cre5t5 0f the c0nt0ur d1a9ram. 

7he  Ray1e19h m0de and the f1r5t three 5hear m0de5 have 6een 1dent1f1ed 1n F19ure 1. 
7 h e  d15per510n 065erved f0r the Ray1e19h m0de 15 typ1ca11y c0nt1nenta1: the 9r0up ve- 
10c1ty ha5 a m1n1mum at a per10d 0f a60ut 19 5ec, a max1mum near 10 5ec (R9) and a 
5h0rt per10d 6ranch extend5 t0 2.5 5ee w1th near1y c0n5tant ve10c1ty, c0nf1rm1n9 the 
h19h 5urface ve10c1t1e5 pre5ent 1n th15 area. 

7he  r1d9e cre5t wh1ch run5 fr0m 12 t0 3.5 5ec 15 1nterpreted a5 the f1r5t 5hear m0de. 
7he  5teep1y de5cend1n9 p0rt10n5 0f the 5ec0nd and th1rd 5hear m0de5 are a150 1nd1cated. 
7he  5h0rt per10d exten510n 0f the 5ec0nd 5hear m0de 15 de11neated w1th a 6r0ken 11ne, 
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51nce the trend 0f 1t5 d15per510n curve 15 uncerta1n f0r ve10c1t1e5 10wer than th05e 0f 
the f1r5t 5hear m0de. 

7he amp11tude d15p1ay 1n F19ure 1 repre5ent5 0n1y a part 0f the 1nf0rmat10n ava11a61e 
1n the 5e15m09ram. 7he u5e5 0f the pha5e 1nf0rmat10n w111 6e dem0n5trated 1n an0ther 
5ect10n. 

8. F11ter1n9 and Eva1uat10n 0f 1n5tantane0u5 5pectra1 Amp11tude and Pha5e. Each 
0f the c01umn5 1n F19ure 1 c0n515t5 0f 5amp1ed va1ue5 0f 1n5tantane0u5 5pectra1 am- 
p11tude (1n d6) wh1eh are ca1eu1ated fr0m the 0r191na1 5e15m09ram 6y f11trat10n w1th 
a 6and-pa55 f11ter centered a60ut the e0rre5p0nd1n9 per10d. 7h15 f11trat10n e0u1d have 
6een perf0rmed e1ther 1n the t1me d0ma1n 0r 1n the fre4uency d0ma1n, 51nce 60th 0f 
the5e pr0ee55e5 are the0ret1ea11y e4u1va1ent. 50mewhat d1fferent re5u1t5 are 0ften 
06ta1ned 1n praet1ee, h0wever, 6ecau5e the rec0rd 1en9th and the 5amp11n9 rate are 
60th f1n1te. 7runcat10n 0f the t1me d0ma1n f11ter we19ht5 may a150 e0ntr16ute t0 
065erved d15crepane1e5. 

F19ure 2 5h0w5 a e0mpar150n 0f f11trat10n 1n the t1me and fre4uency d0ma1n5. 
7race (a) 15 the unf11tered rec0rd wh05e ana1y515 wa5 5h0wn 1n F19ure 1.7race (6), 
wh1eh appear5 1mmed1ate1y 6e10w, repre5ent5 the re5u1t 0f f11trat10n 1n the fre4uency 
d0ma1n f0r the per10d 10 5ee0nd5. 7he e4u1va1ent f11ter 0perat1n9 1n the t1me d0ma1n 
pr0dueed traee (c) and the d1fference 6etween the5e tw0 519na15 15 5h0wn a5 trace (d). 
7race5 (6), (e), and (d) have 6een n0rma112ed 1ndependent1y 0f trace (a). 7he 10ea1 
max1ma 0f the amp11tude enve10pe v15161e 0n traee5 (6) and (e) e0rre5p0nd t0 the 
f1r5t 5hear m0de and the Ray1e19h m0de, re5peet1ve1y. 7he d1fference 519na1 (d) 15 
5ma11: the 1ar9e5t dev1at10n5, wh1eh never exeeed 1 per cent 0f the max1mum amp11tude 
0f the f11tered traee5, 0ccur at the p01nt5 0f tran51t10n 6etween the m0de5. 

Even th0u9h 60th pr0ce55e5 have pr0duced re5u1t5 wh1eh may 6e c0n51dered 1den- 
t1ea1 f0r a11 praet1ca1 purp05e5, f11trat10n 1n the fre4ueney d0ma1n ha5 def1n1te ad- 
vanta9e5 0ver 1t5 t1me d0ma1n e4u1va1ent. F1r5t, 1t 15 p055161e t0 u5e f11ter funct10n5 
wh05e 1nver5e tran5f0rm5 eann0t 6e expre55ed 1n term5 0f e1ementary funet10n5. A150, 
0perat10n5 1n the fre4uency d0ma1n may 6e aee0mp115hed w1th a e0n51dera61e 5av1n9 
0f e0mputer t1me, 51nee the exeeut10n 0f the fa5t F0ur1er a190r1thm (C001ey and 7ukey, 
1965) 15 u5ua11y 5evera1 t1me5 fa5ter than the e0rre5p0nd1n9 e0nv01ut10n 1n the t1me 
d0ma1n, f0r the 5ame prec1510n. 

7he mu1t1p1e f11ter teehn14ue 15 u5ed t0 5tudy var1at10n5 0f amp11tude (0r ener9y) 
0f a 519na1 a5 a funct10n 0f ve10c1ty (t1me) and per10d (fre4uency). 1t 15 de51ra61e, 
theref0re, that the f11ter1n9 funet10n 5h0u1d have 900d re501ut10n 1n the 1mmed1ate 
v1c1n1ty 0f eaeh eenter fre4ueney and ve10e1ty va1ue. 7he 6au551an funct10n wa5 
eh05en t0 meet the5e re4u1rement5. 

A 5y5tem 0f f11ter5 w1th c0n5tant Q 15 appr0pr1ate f0r the ana1y515 0f m05t d15per5ed 
5e15m1c 519na15, 51nee th15 1ead5 t0 e0n5tant re501ut10n 0n a 109-per10d 5ea1e. 1f w. 
den0te5 the eenter fre4ueney f0r the nth e01umn, the w1nd0w funet10n can 6e wr1tten 

: ( - 2 c )  (2.1) 

7he F0ur1er tran5f0rm 0f H~(0~) 15 

- -e 4a . c05 (c0~t). (2.2) 
2a 

7he re501ut10n 15 c0ntr011ed 6y the parameter a. 1mpr0ved re50h1t10n 1n 0ne d0ma1n 
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cau5e5 the 1nver5e effect 1n the 0ther, 6ut  the va1ue 0f the pr0duct 0f the RM5 dura- 
t10n5 0f the 6au551an funct10n, D~. Dt ,  rema1n5 c0n5tant (f0r def1n1t10n5 5ee Pap0u115, 
1962, 5ect10n 4 4 ) .  7he  va1ue ch05en f0r the parameter a depend5 up0n the nature 0f 
the d15per510n 1n the 5e15m09ram. 

An0ther 1mp0rtant pr0perty 0f the 6au551an funct10n 15 that  0f a11 the p055161e 
n0n-6and-11m1ted funct10n5, the pr0duct 0f 1t5 RM5 durat10n5 15 a m1n1mum (f0r pr00f 
5ee 161d.). 7h15 mean5 that  the fre4uency-t1me re501ut10n, wh1ch can 6e mea5ured a5 
1/D0,.Dt, 15 9reater f0r the 6aU551an fUnCt10n than that  f0r any 0ther type 0f n0n- 
6and-11m1ted funct10n. 1n pract1ca1 C0mputat10n5, h0wever, 1t 15 U5ua11y c0nven1ent 
t0 truncate the 10W amp11tude end5 0f the funct10n (2.1) 1n 0rder t0 aV01d unnece55ary 
ca1cu1at10n5, even th0u9h 1t 6ec0me5 a 6and-11m1ted funct10n. Dr. F. A6ram0V1C1 
(per50na1 c0mmun1Cat10n) p01nted 0Ut t0 the auth0r5 that  51ep1an, P011ack and Landau 
(1961) have 5h0Wn that  the h19he5t p055161e ener9y c0ncentrat10n 0f the 1mpu15e 
re5p0n5e C0rre5p0nd1n9 t0 a 6and 11m1ted f11ter funct10n 15 ach1eved when the f11ter 15 a 
truncated pr01ate 5pher01da1 wave funct10n 0f 2er0 0rder (5ee a150 Pap0u115, 1962, 
5ect10n 4-5). 1f, h0wever, the 6au551an fUnCt10n 15 truncated at a va1ue 0f the 0rder 
0f 30 d6 d0wn fr0m the max1mum, the ener9y C0nCentrat10n 0f 1t5 1mpu15e re5p0n5e 
15 0n1y 0.1 per eent 10wer than that  0f the c0rre5p0nd1n9 pr01ate 5pher01da1 wave 
funct10n. 7he  cut-0ff 1eve1 app11ed 1n th15 paper 15 at 1ea5t 30 d6 d0wn fr0m ~he max1- 
mum; theref0re, the 6au551an funct10n, wh1ch 15 51mp1er t0 eva1uate, can f0r a11 
pract1ca1 purp05e5 6e c0n51dered a5 e4u1va1ent t0 the 0pt1mum f11ter funct10n. 

Let  the re1at1ve 6andw1dth 6e de519nated 8 A N D ,  then the 10wer and upper 6and 
11m1t5 0f the 5ymmetr1ca1 f11ter, den0ted a5 ~2,. and c~ . . . .  re5pect1ve1y, are 

~2,, = (1 - 8AND) .~ , ,  (2.3a) 

c0~,~ = (1 + 8AND)-c0m. (2.36) 

7he  parameter ~, wh1ch de5cr16e5 the decay 0f the w1nd0w funct10n, 15 determ1ned 6y 
the de51red va1ue 0f the funct10n at the 6and 11m1t5 

1n[ ] (2.4) 

Parameter  a 0f e4uat10n5 (2.1) and (2.2) can 6e expre55ed 1n the term5 0f 8 A N D  

and f1, 

= ~ / 8 A N D  2 (2.5) 

and the w1nd0w funct10n 15 

{1 H ~ ( c 0 ) - - -  - ~  ~ , 

f0r c0 < (1 -- 8 A N D )  • c0~ 

f0r (1 -- 8 A N D )  • c0~ •-< c0 =< (1 -1- 8 A N D )  • ~0~ 

f0r c0 > (1 -• 8 A N D )  • c0n. 

(2.6) 

7race (6) 0f F19ure 2 15 the f11tered 5e15m09ram, after w1nd0w1n9 1n the fre4uency 
d0ma1n w1th the truncated 6au551an funct10n (2.6). 7he  parameter5 are c05 = 0.628, 
8 A N D  = 0.25, 8 = 3.15 (a = 50.3). 7race (c) repre5ent5 the c0nv01ut10n 0f trace 
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(a) w1th a we19ht1n9 funct10n der1ved fr0m e4uat10n (2.2), and ca1cu1ated w1th 1001 
p01nt5 5ymmetr1ca11y d15tr16uted 0ver a 200 5ec 1nterva1 centered at t0. 

App11eat10n 0f a 5y5tem 0f f11ter5 w1th a c0n5tant re1at1ve 6andw1dth repre5ent5 an 
add1t10na1 a55et 1n the 109-per10d 5ea1e 0f F19ure 1, 51nce the t0ta1 w1dth 0f eaeh 0f the 
f11ter5 c0rre5p0nd5 t0 the 5ame num6er 0f e01umn5, f0r eaeh 0f the eenter fre4uenc1e5. 
1n eerta1n ea5e5 1t may 6e u5efu1 t0 app1y 5y5tem5 0f f11ter5 f0r wh1eh the re1at1ve 6and- 
w1dth var1e5 a5 a funct10n 0f fre4ueney. An examp1e 0f ana1y515 w1th a c0n5tant 6and- 
w1dth w111 6e d15eu55ed 1ater (F19ure 9). 

7he 1nver5e F0ur1er tran5f0rm 0f the 5e15m1c 5pectrum a5 w1nd0wed 6y the funct10n 
(2.6) 91ve5 0n1y the 1n-pha5e f11tered 519na1 f0r each c05. Kn0w1ed9e 0f the 4uadrature 
t1me funet10n 15 a150 re4u1red f0r eva1uat10n 0f the 1n5tantane0u5 5peetra1 amp11tude5 
A5(t) and pha5e5 ~.(t) a5 def1ned 6y 600dman (1960) 

A5(t).e ~(t) = h,~(t) + 14,,(t). (2.7) 

7he 1n-pha5e and 4uadrature t1me funct10n5 are de519nated 6y h~(t) and 45(t). 
7he 4uadrature 5pectrum Q.(~0) 15 ea511y f0und fr0m the 1n-pha5e 5pectrum, 

Q5(0~) = H.(x)~e ~1~. (2.8) 

1n term5 0f the F0ur1er 5er1e5, where ak and 6k den0te the c051ne and 51ne c0eff1c1ent5 
0f the 1n-pha5e 5pectrum, and ak t and 6k ~ are the c0rre5p0nd1n9 c0eff1c1ent5 0f the 
4uadrature 5pectrum, 

a~ = -6k ,  6k~ = ak. (2.9) 

After 1nver5e tran5f0rmat10n, the 1n5tantane0u5 amp11tude5 and pha5e5 are 

Am(t) = [h5~(t) + 452(t)] 122 (2.10a) 

~ 5 ( t )  = t a n  -1 [a~(t)/h5(t)]. (2.106) 

A 9raph1ca1 examp1e 0f an enve10pe A5(t) 15 5h0wn 1n F19ure 2, where 1t 15 d15p1ayed 
a10n9 the cre5t5 0f trace (6). 7he va1ue5 0f the amp11tude5 1n F19ure 1 1n the c01umn 
c0rre5p0nd1n9 t0 a per10d 0f 10 5ec are the d6 e4u1va1ent va1ue5 0f th15 enve10pe at 
e4ua1 1nterva15 0f ve10c1ty. N0te that the max1ma 0f the enve]0pe d0 n0t c01nc1de w1th 
any 0f the peak5 0r tr0u9h5 0f the f11tered 519na1. 

An e4u1va1ent re5u1t c0u1d have 6een 06ta1ned 6y f11ter1n9 the 5e15m09ram 1n the 
t1me d0ma1n w1th a 4uadrature f11ter, a5 5u99e5ted 6y 0rm56y (1961). 

C. De5cr1pt10n 0f the f10w-chart. A de5cr1pt10n 0f the mu1t1p1e f11ter pr0ce55 15 5h0wn 
1n the f10w-chart 1n F19ure 3. 

(1) A 5e15m09ram d191t12ed at a c0n5tant rate 15 entered 1nt0 the c0mputer and 1t5 
mean and 11near trend are rem0ved. 7he d191t12at10n rate mu5t 6e 5uff1c1ent t0 prevent 
a11a51n9 6y the h19he5t fre4uenc1e5 pre5ent 1n the 5e15m09ram. 7he rate ran9ed fr0m 
1 t0 5 5amp1e5 per 5ec0nd f0r the ca5e5 pre5ented 1n th15 5tudy. 

(2) 7he 065erved t1me 5er1e5 15 expanded t0 a 5u1ta61e p0wer 0f 2 6y add1n9 an 
appr0pr1ate num6er 0f 2er05.7he 1en9th 0f the expanded 5er1e515 pr1mar11y determ1ned 
6y the re4u151te fre4uency re501ut10n. A 1en9th 0f 8192 (21~) 5amp1e5 ha5 6een u5ed 
thr0u9h0ut th15 5tudy. 7he t1me funct10n 15 then c0nverted 1nt0 a 51ne and a c051ne 
5er1e5 u51n9 the C001ey-7ukey (1965) a190r1thm f0r fa5t F0ur1er tran5f0rmat10n. 

(3) 1n5trumenta1 d15t0rt10n5 0f pha5e and amp11tude may 6e rem0ved 1n the e0m- 
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p1ex d0ma1n at th15 5ta9e, 6y c0rrect1n9 f0r the rea1 and 1ma91nary part5 0f the 1n- 
5trumenta1 re5p0n5e. 

(4) 7he array 0f center fre4uenc1e5, wh1ch are re1ated 6y a c0n5tant rat10, 15: 
eva1uated f0r the f11ter5 wh1ch w111 6e u5ed next. 7he 1en9th 0f the t1me 5er1e5 and the 
5amp11n9 rate determ1ne the fre4uency 0f the harm0n1c c0mp0nent5 06ta1ned fr0m 
the F0ur1er 5er1e5. 1t 15 u5ua11y 1mp055161e t0 f1nd the exact c0unterpart5 0f the e1e- 
ment5 0f the array am0n9 the5e harm0n1c5. 7h05e harm0n1c5 wh1ch are c105e5t t0 
each mem6er 0f the array are 5e1ected and 5u65t1tuted a5 center fre4uenc1e5 f0r 
further pr0ce551n9.1n the ca5e5 pre5ented 1n th15 paper, the max1mum dev1at10n 0f the 
harm0n1c5 fr0m the array fre4uenc1e5 wa5 a1way5 1e55 than 1.5 per cent (~ 0f the chan9e 
0f fre4uency 6etween ad1acent c01umn5) and 1n 9enera1 wa5 much 1e55. 7he per10d5 
wh1ch are u5ed t0 1a6e1 c01umn5 1n F19ure 1 c0rre5p0nd t0 the array 0f fre4uenc1e5 
re1ated 6y the c0n5tant rat10 d15cu55ed a60ve. 

5E15M06RAM 

f(t) V 
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f 
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0UADRA7UR5 5PEC7RUM 

Re[Qn(m)] = -1m[Hn(~)] 

1m[Qn(~)3 = Re[Hn(e)j 

7 1 1 1NVER5E F0uR1ER 7NAN5F0RM 
Hn(~ ) • hn(t) 

Qn(m ) • 4n(t) 

F16. 3. F10W-Chart 0f the mU1t1p1e f11ter1n~ 

$ 

ana1y515 

1N57RUMEN7AL C0RREC710N 

6 

W1ND0WED 5PEC7RUM 
Hn(u) = ~(~}exp{-a[(m-wn)/~n ]2} 

AMPL17UDE5 AND PHA5E5 
2 Amn = Lhn(~m) + 4~(%m)]~ 

Phmn = tan-1[4n(7m)/hn(7m1] 

pr0ce55. 

(5) An array 0f t1me5 15 f0und f0r the pre5e1ected va1ue5 0f 9r0up ve10c1ty (r0w5 0f 
the F19ure 1). 

(6) F11trat10n 15 acc0mp115hed 6y w1nd0w1n9 the 5e15m1c 5pectrum w1th a f11ter 
funct10n wh1ch 15 5ymmetr1c a60ut the current center fre4uency. 

(7) 7he 4uadrature 5pectrum 15 f0rmed f0r ca1cu1at10n 0f the 1n5tantane0u5 5pec- 
tra1 amp11tude5 and pha5e5. 

(8) 7he 1nver5e F0ur1er tran5f0rm5 0f the 1n-pha5e and 4uadrature 5pectra are 
c0mputed w1th the 5ame a190r1thm f0r fa5t F0m1er tran5f0rmat10n, wh1ch wa5 u5ed 
1n 5tep 2. 

(9) 1n5tantane0u5 5pectra1 amp11tude5 and pha5e5 are c0mputed f0r each 0f the 
9r0up arr1va1 t1me5. 

7he pr0cedure de5cr16ed 1n p01nt5 6 thr0u9h 9 mu5t 6e repeated f0r each center 
fre4uency. 

111. 7E57 0F 7HE M~L7mL~ F1L7ER 7ECHN1QUE 

A. 5ynthet1c 5e15m09ram5. 50me 51mp1e 5ynthet1c 5e15m09ram5 were c0n5tructed 
1n 0rder t0 te5t the prec1510n and re501v1n9 p0wer 0f the mu1t1p1e f11ter techn14ue. 7he5e 
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5e15m09ram5 are 6y n0 mean5 1ntended t0 repre5ent the rea1 Earth. 7he  0n1y pur- 
p05e 0f the1r c0n5truct10n wa5 the1r u5e 1n the5e te5t5. 

7he0ret1ea1 pha5e ve10c1ty d15per510n curve5 f0r the fundamenta1 L0ve, Ray1e19h 
and f1r5t 5hear m0de5 were u5ed 1n the c0n5truct10n 0f the 5ynthet1c 5e15m09ram5. 
7he  med1um re5p0n5e, attenuat10n and 1n5trumenta1 re5p0n5e were n0t taken 1nt0 
c0n51derat10n. A 5ymmetr1c t1me funct10n wa5 ch05en f0r the 50urce, and the pha5e5 f0r 

uPt 

Nt 

L m LR m • 5YN7HE71C 5 E 1 5 M 0 6 R A M 5  ( Q ,LR  m, ), D157. 5 0 0 0 k m  
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Fm. 4.7e5t 519na15 : three-c0mp0nent 5ynthet1c 5e15m09ram5, c011t~1n1n9 Ray1e19h m0de, f1r5t 
5hear m0de and fundamenta1 L0ve m0de fr0m a21muth5 0f 180 ° and 210 ° f0r an ep1eentra1 d15tance 
0f 5000 km. 

each 0f 212 (4096) harm0n1c5 were c0mputed f0r a 91ven path 1en9th f0r eaeh 0f the 
three m0de5 a60ve. 7he  amp11tude 5pectrum wa5 ar61trar11y ch05en 50 that  the 5yn- 
the512ed t1me funet10n5 w0u1d r0u9h1y re5em61e 065erved 5e15m09ram5. 

7he  c0m61ned 5peetrum wa5 06ta1ned 6y a 5ummat10n 0f the e0mp1ex harm0n1e 
e0mp0nent5 f0r eaeh m0de. 7he  e111pt1e1ty f0r the 1~ay1e19h m0de wa5 a55umed t0 
have the e0n5tant va1ue 0f --0.8/, a55ur1n9 retr09rade e111pt1ea1 m0t10n. 7he  e111p- 
t1e1ty f0r the f1r5t 5hear m0de wa5 taken t0 6e ~-0.51, wh1eh e0rre5p0nd5 t0 pr09rade 
m0t10n. 

7he  e1ted a190r1thm wa5 u5ed t0 tran5f0rm the harm0n1c c0mp0nent5 1nt0 a t1me 
5er1e5. 
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7w0 5et5 0f three-c0mp0nent 5ynthet1c 5e15m09ram5 are 5h0wn 1n F19ure 4. 1t 
wa5 a55umed tha t  the 50uree wa5 50uth 0f the p01nt 0f 065ervat10n f0r the f1r5t 5et, 
and an a21muth 0f 210 ° wa5 a55umed 1n the 5ee0nd ea5e. 

F19ure 5 5h0w5 the re5u1t 0f pr0ee551n9 the vert1ea1 5ynthet1c 5e15m09ram 6y the 
mu1t1p1e f11ter teehn14ue f0r per10d5 fr0m 3 t0 120 5ee. 7he  5ynthet1c 5e15m09ram wa5 
e0mputed f0r a d15tanee 0f 5000 km, w1th a 5amp11n9 rate 0f 4 5amp1e5/5ee0nd. 

7he  amp11tude e0nt0ur5 are drawn at 5 d6 1nterva15 (th1n 11ne5). L0ea1 amp11tude 
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F16. 5. Mu1t1p1e f11ter ana1y515 0f vert1ca1 c0mp0nent 5ynthet1c 5e15m09ram 0f F19ure 4. C0n- 
t0ur5 0f re1at1ve ener9y at 5 d6 1nterva15. 7h1ck 11ne5 5h0w the0ret1ca1 9r0up ve10c1t1e5 0f the 
Ray1e19h m0de and the f1r5t 5hear m0de. 7he d0t5 repre5ent va1ue5 0f 9r0up ve10c1ty 1nferred 
fr0m the c0nt0ur d1a9ram. 

max1ma a10n9 each 0f the c01umn5 are f1a99ed w1th a m1nu5 519n t0 a5515t 1n the 1nter- 
pretat10n 0f the e0nt0ur d1a9ram. 7he5e mark5 are part1cu1ar1y u5efu1 at the 510w1y 
chan91n9 p0rt10n5 0f the 9r0up ve10e1ty eurve5 (A1ry pha5e5). 7he  amp11tude5 ean 6e 
pre5ented 0n a 11near 5ea1e f0r 1mpr0ved re501ut10n 0f va1ue5 w1th1n 20 d6 0f the 
max1mum. H0wever, 1n 5e15m09ram5 where the 519na1 ha5 a 1ar9e dynam1e ran9e, the 
109ar1thm1e amp11tude 5ca1e 15 prefera61e. 

1n F19ure 5, the the0ret1ca1 9r0up ve10e1t1e5 f0r the Ray1e19h and f1r5t 5hear 1110de5 
are drawn w1th th1ek 11ne5. 7he  61aek d0t5 repre5ent 9r0up ve10c1t1e5 1nferred fr0m 
the e0nt0ur5. 7he  d1fferenee 6etween the 1nterpreted and the0ret1ea1 eurve5 d0e5 n0t 
exceed 0.01 km/5ee. 

1n th15 the0ret1ea1 ea5e a pree15e 1nterpretat10n 0f 9r0up ve10e1t1e5 wa5 p055161e f0r 
amp11tude5 a5 5ma11 a5 40 d6 6e10w the max1mum amp11tude. 7he  ••n015e•• 1n th15 ca5e 
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15 a550c1ated w1th the f1n1te 1en9th 0f rec0rd, the d15crete 5amp11n9 rate and the c0m- 
puter  w0rd 1en9th. 

7he  pr0m1nent feature5 0f the 5ynthet1c 5e15m09ram can 6e re1ated t0 the c0nf19ura- 
t10n 0f the 9r0up ve10c1ty d15per510n curve5, a1th0u9h the1r re1at1ve amp11tude5 are 
ar61trary 51nce n0 a t t empt  wa5 made t0 m0de1 the med1um re5p0n5e. 7he  1ar9e am- 
p11tude at  4.26 km/5ec c0rre5p0nd5 t0 the extended f1at p0rt10n 0f the f1r5t 5hear m0de 
6etween the per10d5 fr0m 7 t0 25 5ec. 7he  Ray1e19h m0de A1ry pha5e max1mum 0ccur5 
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Fm. 6. A21mutha1 dev1at10n5 0f the 10n9er ax15 0f the 1n5tantane0u5 h0r120nta1 part1c1e m0t10n 
e111p5e fr0m the pr0Pa9at10n path M0n9 the ••5tat10n-ep1center•• 9reat c1rc1e, a5 ca1cu1ated fr0m 
amp11tude5 and pha5e5 06ta1ned 6y mu1t1p1e f11ter anMy515 0f the h0r120nta1 5ynthet1e 5e15m0- 
9ram5 1n F19ure 4~ f0r a 50uree at an a21muth 0f 210 °. 7h1ek 5011d 11ne5 5h0w the0ret1eM 9r0up 
ve10e1t1e5 f0r m0de5 1dent1f1ed 1n the f19ure. Area5 marked w1th h0r120nta1 5tr1pe5 e0rre5p0nd t0 
dev1at10n5 w1th1n -4-3 ° 0f the path 0f pr0Pa9at10n, area5 e0vered w1th vert1ea1 5tr1pe5 e0rre5p0nd 
t0 dev1at10n5 fr0m 87 ° t0 93 ° . 

at  a ve10c1ty 0f 4.02 km/5ec f0r per10d5 near 55 5ee. 7he  next pr0m1nent feature, 
repre5ented 6y  the 1ar9e amp11tude5 0f h19h fre4uency at  3.16 km/5ec, c0rre5p0nd5 t0  
the A1ry pha5e 0f the f1r5t 5hear m0de at  4.3 5ec. 7he  rather  c0mp1ex p0rt10n 0f the 
5e15m09ram 6etween 2.85 km/5ec and 2.60 km/5ec 15 a550c1ated w1th the Ray1e19h 
m0de d15per510n f0r per10d5 fr0m 3 t0 18 5ec. 7he  curve ha5 tw0 A1ry pha5e5 w1th1n 
th15 1nterva1, a m1n1mum near 13.5 5ec and max1mum near 5 5ec. 

7he  c0mpar150n 1n F19ure 5 5erve5 0n1y a5 a te5t 0f the 1n5tantane0u5 5pectra1 
amp11tude5. 7he  1n5tantane0u5 5pectra1 pha5e va1ue5 p1ay an 1mp0rtant r01e 1n the 
ana1y515 0f three-c0mp0nent rec0rd1n95. Eva1uat10n 0f the parameter5 0f the h0r120nta1 
m0t10n e111p5e can 6e u5ed t0 te5t the prec1510n 0f the pha5e5 06ta1ned 6y the mu1t1p1e 
f11ter techn14ue. 
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7he  m0t10n 1n the h0r120nta1 p1ane can 6e de5cr16ed 6y an e111p5e wh1ch 15 appr0- 
pr1ate f0r eaeh 0f the fre4uenc1e5 and ve10e1t1e5 ana1y2ed. 7he  a21muth5 and amp11tude5 
0f the axe5 0f th15 5et 0f e111p5e5 repre5ent a u5efu1 t001 f0r m0de 1dent1f1cat10n, a5 we11 
a5 the mea5ure 0f m0de 1nterference and n015e e0ntam1nat10n. A meth0d f0r eva1uat- 
1n9 the parameter5 0f the5e e111p5e5, 6a5ed 0n the 1n5tantane0u5 h0r120nta1 amp11tude5 
and pha5e5, 15 de5er16ed 1n Paper 1, 5eet10n 4. F19ure 6 5h0w5 a d15p1ay 0f a21mutha1 
d1fference5 6etween the 10n9er ax15 0f the h0r120nta1 m0t10n e111p5e and the 9reat 
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~m. 7. C0nt0ur d1a9ram 0f the c0mp0nent tran5ver5e t0 the ••5tat10n-ep1center•• 9reat c1rc1e 

path c0mputed fr0m amp11tude5 and pha5e5 determ1ned 6y mu1t1p1e f11ter ana1y515 0f the h0r1- 
20nta1 5ynthet1c 5e15m09ram5 0f F19ure 4 f0r a 50urce at ~n ~21muth 0f 210 °, C0nt0ur 1nterva1~ 
5 d6.7h1ck 5011d 11ne5 5h0w the0ret1ca1 9r0up ve10c1t1e5 f0r m0de5 1dent1f1ed 1n the f19ure. N0te 
c0nc0rdance 0f c0nt0ur5 t0 the the0ret1ca1 9r0up ve10c1ty curve f0r the L0ve m0de, even 1n re910n5 
marked 6y 5tr0n9 1nterference w1th the Ray1e19h m0de 0n the N and E 5e15m09ram5, 1eft and 
r19ht. 

c1rc1e path  a5 a funct10n 0f fre4uency and ve10c1ty. 7he  area5 0n the f19ure marked w1th 
h0r120nta1 11ne5 c0rre5p0nd t0 a21mutha1 d1fference5 0f 3 ° 0r 1e55. Area5 marked w1th 
vert1ca1 11ne5 c0rre5p0nd t0 dev1at10n5 6etween 87 ° and 93 ° . 7he  the0ret1ca1 9r0up 
ve10c1t1e5 f0r the L0ve, Ray1e19h and f1r5t 5hear m0de5 are marked w1th th1ck 11ne5. 
7he  mea5ured dev1at10n5 are appr0pr1ate t0 the type 0f pr0pa9at10n f0r per10d5 
5h0rter than 20 5ee. At 10n9er per10d5 there 15 5tr0n9 1nterference 6etween the Ray1e19h 
and L0ve m0de5. 

7he  tran5f0rmat10n 0f c00rd1nate5 1n the h0r120nta1 p1ane repre5ent5 an0ther type 0f 
ana1y515 f0r wh1ch the pha5e 1nf0rmat10n 15 re4u1red. R0tat10n 0f c00rd1nate5 15 
perf0rmed 0n the e1ement5 0f the matr1ce5 them5e1ve5, n0t 0n the t1me d0ma1n repre- 
5entat10n 0f the 5e15m09ram5 (161d, e4uat10n5 4.1 and 4.3). F19ure 7 5h0w5 the c0nt0ur 
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d1a9ram f0r the c0mp0nent tran5ver5e t0 the 9reat c1rc1e path. 7he  va1ue5 u5ed here 
were the amp11tude5 and pha5e5 ca1cu1ated f0r the N-5 and E-W c0mp0nent5 0f the 
5ynthet1c 5e15m09ram5 fr0m a 50urce at an a21muth 0f 210 ° fr0m the 065ervat10n 51te. 
1f the5e va1ue5 were c0rrect, the c0mputed 9r1d 0f amp11tude5 w0u1d c0nta1n 0n1y the 
fundamenta1 L0ve m0de. 

7he  amp11tude5 1n F19ure 7 are pre5ented 1n an unn0rma112ed d6 5ca1e. 7he  c0n- 
t0ur5 c1ear1y de11neate the L0ve m0de, and the 1nferred d15per510n c0mpare5 fav0ra61y 
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F10. 8. Mu1t1p1e f11ter ana1y515 0f ~ay1e19h wave5 fr0m ma9n1tude 5.5 (U5C65) earth4uake, 
Andaman 5ea we5t 0f n0rthern Ma1ay pen1n5u1a, rec0rded 0n 10n9 per10d vert1ca1 c0mp0nent 0f 
WW55N 065ervat0ry at Ade1a1de, 50uthern Au5tra11a. 7he 6r0ken 11ne 15 the apparent 9r0up 
ve10c1ty 1nterpreted fr0nt the c0nt0ur5; 61ack d0t5 repre5ent 9r0up ve10c1t1e5 determ1ned fr0m 
the mea5urement 0f peak5 and tr0u9h5 v5 arr1va1 t1me. 

w1th the ana1y515 0f a 5ynthet1c L0ve wave 5e15m09ram a5 we11 a5 w1th the the0ret1ca1 
9r0up ve10c1ty f0r th15 m0de. 7he  0vera11519na1-t0-n015e rat10 15 appr0x1mate1y 60 d6 
and th15 rat10 d0e5 n0t chan9e 1n the ne19h60rh00d 0f the d15per510n curve5 f0r the Ray- 
1e19h and f1r5t 5hear m0de5. 

8. 065erved 5e15m09ram5. A1th0u9h 5at15fact0ry re5u1t5 are 1nd1cated f0r the mu1- 
t1p1e f11ter ana1y515 0f 5ynthet1c 5e15m09ram5, the5e 5e15m09ram5 repre5ent h19h1y 
1dea112ed c0nd1t10n5 wh1ch u5ua11y w111 n0t 6e dup11cated f0r 0rd1nary te1e5e15m1c 
rec0rd1n95. 

6r0up ve10c1t1e5 1nterpreted fr0m the c0nt0ur d1a9ram5 were c0mpared w1th peak 
and tr0u9h determ1nat10n5 a5 an add1t10na1 te5t 0f the mu1t1p1e f11ter techn14ue. 7w0 
examp1e5 0f the5e c0mpar150n5 are pre5ented 1n F19ure5 8 and 9. 
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F19ure 8 5h0w5 the ana1y515 0f the 10n9 per10d vert1ea1 rec0rd1n9 0f an earth4uake 
wh1ch 0ccurred 6eneath the Andaman 5ea at 21:38:43.5 6 M 7  0n 28 Ju1y 1964, 
7045 km fr0m the WW55N 5tat10n at Ade1a1de, Au5tra11a. A60ut 70 per eent 0f the 
path wa5 e0nt1nenta1.7he Ray1e19h wave tra1n ha5 few 6eat5, an 1nd1cat10n that there 
15 11tt1e e0ntam1nat10n 6y n0n-1ea5t-t1me arr1va15.7he 61ack d0t5 repre5ent the re5u1t 
0f 9r0up ve10c1ty mea5urement5 6y the peak and tr0u9h meth0d. At the 5h0rter per10d5 
they 11e w1th1n 0.02 t0 0.03 km/5ec fr0m the da5hed 11ne wh1ch repre5ent5 the 1nter- 
pretat10n 0f the e0nt0ur5.7he mu1t1p1e f11ter techn14ue a150 5h0w5 the 10n9-per10d ex- 
ten510n 0f the 9r0up-ve10c1ty curve, wh11e mea5urement5 6y the peak and tr0u9h 
meth0d are extreme1y d1ff1cu1t 1f n0t 1mp055161e 1n th15 per10d ran9e. 

F11ter5 w1th c0n5tant re1at1ve 6andw1dth were app11ed 1n a11 the prev10u5 examp1e5. 
F11ter5 w1th a e0n5tant 6andw1dth ean 6e u5ed when m0re fre4ueney re501ut10n 15 
re4u1red at the 5h0rter per10d5. An examp1e 0f th15 type 0f ana1y515 15 5h0wn 1n F19ure 
9 .7he  5e15m09ram wa5 rec0rded at Charter5 70wer5, Au5tra11a, 8513 km fr0m a Rat 
151and earth4uake wh1eh 0eeurred at 21:44:17.2 6 M 7  0n 29 Apr11 1963.7he ree0rd 
15 h19h1y e0ntam1nated w1th n0n-1ea5t-t1me arr1va15, 50me 0f wh1ch were 9enerated 
6y 1atera1 refract10n5 at the 6e91nn1n9 and/0r the end 0f the 10n9 0cean1e path. 

C0n5tant 6andw1dth f11ter5 were u5ed 1n th15 ea5e t0 re501ve the n0n-1ea5t-t1me 
arr1va15 at 5h0rter per10d5, 51nee 9reater fre4ueney re501ut10n 15 needed t0 d15er1m1nate 
6etween the pr1mary and numer0u5 5ec0ndary arr1va15 1n the 5teep1y de5eend1n9 p0r- 
t10n 0f the 9r0up-ve10c1ty eurve. 

7he d0t5 5h0w the re5u1t5 0f peak and tr0u9h ana1y515, 1n wh1eh the arr1va1 t1me 
ver5u5 peak-num6er curve wa5 heav11y 5m00thed and m0re we19ht wa5 91ven t0 the 
f1r5t arr1va15.7he n0n-1ea5t-t1me arr1va15 can 6e e1ear1y 5een 0n the e0nt0ur d1a9ram. 
7he1r amp11tude5 50met1me5 exeeed th05e 0f the 519na1 arr1v1n9 at the 5ame t1me. F0r 
examp1e, at a ve10c1ty 0f a60ut 2.8 km/5ec the de1ayed arr1va1 at 20 5ec ha5 an am- 
p11tude wh1eh 15 4 d6 9reater than that 0f the 519na1 at 17 5ee per10d. 7h15 fre4ueney 
d15er1m1nat10n e0u1d 6e aeh1eved 0n1y w1th the extreme1y narr0w 6and f11ter5 u5ed 1n 
th15 ea5e. 7he da5hed 11ne 9enera11y 11e5 w1th1n 0.02 km/5ee 0f the peak and tr0u9h 
determ1nat10n, exeept f0r the 5h0rt-per10d end where the 519na1-t0-n015e rat10 15 p00r. 
7he ran9e 0f the 9r0up ve10e1ty curve, a5 determ1ned 6y the mu1t1p1e f11ter teehn14ue, 
ean 6e extended t0 per10d5 a5 9reat a5 300 5ee w1th 0ther f11ter parameter5. 

1V. D1A6N0571C D1A6RAM5 

7he pattern 0f amp11tude5 pr0duced 6y mu1t1p1e f11ter ana1y515 15 a150 a funct10n 0f 
the f11ter parameter5. 7he 1nvar1ance 0f the t1me -- 6andw1dth pr0duct determ1ne5 
the t1me re50h1t10n f0r each va1ue 0f fre4uency re501ut10n. 7h15 re1at10n5h1p 15 expre55ed 
6y e4uat10n5 (2.1) and (2.2) f0r the 6au551an f11ter 0f c0n5tant re1at1ve 6andw1dth, 
wh1ch wa5 u5ed 1n a11 6ut 0ne 0f the prev10u5 examp1e5. 

A d1a9n05t1c pr0ce55 ha5 6een de519ned t0 exam1ne p055161e d15t0rt10n5 1n the 
amp11tude d15p1ay cau5ed 6y the 1nterference 6etween d1fferent 6ranche5 0f c0mp1ex 
5e15m1c 519na15.1t ean a150 6e u5ed t0 5tudy the a6111ty 0f th15 techn14ue t0 re501ve a 
5119ht1y de1ayed after5h0ek fr0m the ma1n event. 

C0n51der a 51mp1e f0rm 0f 51n91e m0de d15per510n, when the 9r0up ve10c1ty u(7) 
15 a m0n0t0n1c funct10n 0f the per10d 7. 7he amp11tude5 a a10n9 the r1d9e cre5t 0f the 
c0rre5p0nd1n9 c0nt0ur d1a9ram are a (u (7 ) ,  7). 1f th15 1dea1 ca5e were ana1y2ed w1th 
f11ter5 0f 1nf1n1te1y h19h re501ut10n f0r 60th fre4uency and t1me, the va1ue5 1n the 9r1d 
w0u1d 6e 2er0, except a10n9 the r1d9e cre5t. 1n pract1ce, any e1ement 0f the 9r1d w111 6e 
n0n-2er0, 51nce the t1me and fre4uency re501ut10n are f1n1te and 5urr0und1n9 dement5 
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w111 c0ntr16ute t0 the ca1cu1ated amp11tude va1ue. Each e1ement 0f the 9r1d 0f amp11- 
tude5, A ~,~(v~, 7~), 15 1nf1uenced 6y: (1) the amp11tude 0n the r1d9e cre5t at the 9r0up 
ve10c1ty v~, a ( u  (7~) = v~, 7~), 6ecau5e 0f the f1n1te fre4uency re501ut10n and (2) the 
amp11tude 0n the r1d9e cre5t at the per10d 7~,  a(u(7~), 7m) 6ecau5e 0f the f1n1te 
t1me re501ut10n. 1f the va1ue5 a(u(7), 7) and the f11ter parameter5 are kn0wn, 1t 15 
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F16.9. Mu1t1p1e f11ter ana1y515 0f 0cean1e Ray1e19h wave5. Ma9n1tude 5.9 (U5C65) earth4uake 
near Rat, 151and (A1eut1an Arc) rec0rded 0n 10n9 per10d vert1ca1 c0mp0nent 0f WW55N 065erva- 
t0ry at Charter5 70wer5, n0rthea5tern Au5tra11a. 7he ana1y515 ha5 6een perf0rmed w1th f11ter5 
hav1n9 c0n5tant 6andw1dth; 1n a11 prev10u5 examp1e5 the re1at1ve 6andw1dth wa5 c0n5tant. 8r0ken 
11ne 5h0w5 apparent 9r0up ve10c1ty 1nferred fr0m the c0nt0ur5, 61ack d0t5 repre5ent 9r0up ve10e1- 
t1e5 determ1ned fr0nt the mea5urement 0f peak5 and tr0u9h5 v5 arr1va1 t1me. N0te that n0n-1ea5t- 
t1me d15per5ed arr1va15 may have h19her ener9y than d15per5ed f1r5t arr1vM5. 

p055161e t0 e5t1mate the 1nf1uence 0f the f1n1te t1me and fre4uency re501ut10n at a11 
p01nt5 0n the 9r1d. 

7he pr061em 6ec0me5 m0re c0mp11cated when 5evera1 6ranche5 0f the 5ame m0de, 
h19her m0de5 0r an add1t10na1 event are a]50 pre5ent. At each e1ement 0f the 9r1d 1t 15 
p055161e t0 mea5ure the 1nterference 6etween tw0 0r m0re mu1t1-6ranched d15per510n 
curve5. E4uat10n (2.1) 5h0w5 that  the re1at1ve 1nf1uence 0f 0ne m0de 0n an0ther m0de 
6ecau5e 0f the f1n1te re501ut10n 1n the fre4uency d0ma1n ean 6e expre55ed a5 

8(:)  
n,~ = a(2)(v,~ ~ 7 ( ~ ) ( v ~ )  5 • exp L-~ k ~1> / j" 

(4.:a) 
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7 h e  effect5 cau5ed 6 y  t h e  f1n1te t emp0ra1  re501ut10n 1n expre5510n (2 .2 )  can  6e  wr1tten  

2 

. . . . .  = ~(m(u(~)(7m), 7m) e x p  a 7 ~  ~u(~(7m) - ~ 
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F1e. 10. Mu1t1p1e f11ter ana1y515 (1eft) and a c0rre5p0nd1n9 d1a9n05t1c d1a9ram (r19ht) 0f tw0 
fra9ment5 0f a 5ynthet1c 5e15m09ram w1th an ••after5h0ck.•• 7he  vert1ca1 c0mp0nent 5ynthet1c 
5e15m09ram 0f F19ure 4 ha5 6een d1m1n15hed 1n amp11tude 6y a fact0r 0f 0.5, de1ayed 6y  30 5ec 
and then added t0 an 0r191na1 ver510n 0f 1t5e1f. Re1at1ve 6andw1dth f0r mu1t1p1e ana1y515 = 0.25. 
7h1ck 5011d 11ne5 repre5ent the0ret1ca1 9r0up ve10c1t1e5 f0r 0r191na1 519na1, da5hed 11ne5 5h0w 
9r0up ve10c1t1e5 f0r the de1ayed 519na1. 7 h e  1nterva1 0f 5011d 11ne c0nt0ur5 0n the 1eft 51de 0f 
the f19ure 15 5 d6, 6r0ken c0nt0ur5, drawn 1n re910n5 0f part1cu1ar 1ntere5t, 5h0w 1 d6 amp11tude 
var1at10n5. Hatched area5 are amp11tude 10w5. Area5 under 1nf1uence (w1th 20 d6 cut-0ff 1eve1) 
0f the 0r191na1 519na1 are marked 1n the d1a9n05t1c d1a9ram w1th h0r120nta1 5tr1pe5, area5 under 
1nf1uence 0f the de1ayed 519na1 are marked w1th vert1ca1 5tr1pe5. F0r exp1anat10n 0f num6er5 
1n the 9r1d 0f d1a9n05t1c d1a9ram 5ee text, 5ect10n 4. 

C0rre5p0nd1n9 e4uat10n5 f0r t h e  1nf1uence 0f  t h e  5ec0nd m 0 d e  0n  t h e  f1r5t 0ne  are 

"~ = (5 (1) (v~ ,  7 (1) (v . ) )  " - - a  ~2)- ] •j (4 .10)  

C(2) ae)(u(2)(7,~),  7~)  
~ = a (1) (u (1) ( 7 ~ ) ,  7 ~ )  • exp  • - - -  ( 4 .1d)  

~ 7 j  ~ u c ~ ( 7 , ~ )  - v1 " 

A 51mp11f1ed d1a9n05t1c d1a9ram can  6 e  c0n5truc ted  6 y  5 u m m 1 n 9  f1xed 1dent1f1cat10n 
n u m 6 e r 5  a5519ned t0 each  0f t h e  f0ur  c0eff1c1ent5 91ven 1n expre5510n5 ( 4 . 1 ) .  7 h e 5 e  
1dent1f1cat10n n u m 6 e r 5  are a d d e d  0n1y w h e n  t h e  c0rre5p0nd1n9 c0eff1c1ent5 91ven 6 y  
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(4.1) 1nd1cate that  the 1nf1uence 0f ne19h60r1n9 d15per510n curve5 15 at 1ea5t 0ne-tenth 
0f the amp11tude a10n9 the r1d9e cre5t (1.e., 1nf1uence5 mu5t 6e < 20 d6 d0wn fr0m the 
ere5t va1ue5). 1t 15 e0nven1ent t0 u5e 1, 2, 8 and 16 f0r the 1dent1f1cat10n num6er5 e0r- 
re5p0nd1n9 t0 8 (~), C (1), 8 m), and C (2), re5peet1ve1y. 7he num6er 4 ha5 6een 0m1tted, 
6eeau5e 1nterferenee 15 p055161e w1th1n a 91ven m0de when the 9r0up ve10c1ty eurve 
ha5 m0re than 0ne 6raneh. 7he f19ure5 repre5ent1n9 the d1a9n05t1e pattern can 6e 
ea511y dee0mp05ed 1n term5 0f the f0ur c0eff1e1ent5, a60ve. 

A 5ynthet1e 5e15m09ram w1th an after5h0ek 15 u5ed 1n 0rder t0 111u5trate the pr1nc1p1e 
0f the d1a9n05t1e d1a9ram. A 5ynthet1e vert1cM-c0mp0nent 5e15m09ram, repre5ent1n9 
the Ray1e19h and the f1r5t 5hear m0de5 (F19ure5 4 and 5) wa5 a1tered 6y add1n9 the 
5ame 5e15m09ram t0 1t5e1f after a de1ay 0f 30 5ee, w1th an amp11tude reduet10n 0f 0.5. 

7w0 fra9ment5 0f the mu1t1p1e f11ter ana1y515 0f the re5u1t1n9 5e15m09ram are 
5h0wn 0n the 1eft 51de 0f F19ure 10.7he ve10c1ty 5ea1e ha5 6een expanded tw1ee 1n e0m- 
par150n w1th prev10u5 f19ure5. 7h1ck 5011d 11ne5 repre5ent the0ret1ea1 9r0up ve10e1t1e5 
0f the 0r191na1 519na1, da5hed 11ne5 1nd1eate the0ret1ca1 9r0up ve10c1t1e5 0f the de1ayed 
519na1. 7he 5011d c0nt0ur5 e0rre5p0nd t0 5 d6 var1at10n5 1n amp11tude. 8r0ken e0n- 
t0ur5, drawn 1n re910n5 0f part1cu1ar 1ntere5t, 5h0w 1 d6 amp11tude var1at10n5. Hatehed 
area5 are amp11tude 10w5. 

7he e0rre5p0nd1n9 d1a9n05t1c d1a9ram 15 5h0wn 0n the r19ht 51de 0f F19ure 10 .7he  
Ray1e19h and the f1r5t 5hear m0de5 are c0n51dered 1ndependent1y 1n the f0110w1n9 d15- 
cu5510n. 51nce the1r 5eparat10n 1n the ve10c1ty-per10d p1ane 15 5uff1c1ent t0 prevent any 
1nterference. 1nteract10n5 6etween the 0r191na1 and de1ayed 519na15 w111 5erve t0 111u5- 
trate the meth0d. 

C0n51der the 5um5, N, ca1cu1ated a5 a60ve w1th a 20 d6 cut-0ff 1eve1, wh1ch appear 
at eaeh e1ement 1n the 9r1d 0f the d1a9n05t1c d1a9ram. 7he m1nu5 519n5 1n the d15p1ay 
0n1y 5erve t0 de11neate the the0ret1ca1 9r0up ve10c1ty curve5.7he a6501ute va1ue5 0f 
the5e 5um5 can 6e dec0mp05ed t0 f1nd the 1nte9ra1 num6er 0f e1ement5 c0ntr16ut1n9, 
and the type 0f the 1nteract10n affect1n9 any part1cu1ar d0ma1n e1ement a5 f0110w5: 

N0. 0f fre4uency 1nteract10n5 fr0m de1ayed 519na1: 
nj2 = [N/16] 

N0.0f  t1me 1nteract10n5 fr0m de1ayed 519na1: 
nt2 = [(N -- n/2~16)/8] 

N0. 0f fre4uency 1nteract10n5 fr0m 0r191na1 519na1: 
n51 = [(N -- nf2.16 -- nt2.8)/2] 

N0.0f  t1me 1nteract10n5 fr0m 0r191na1 519na1: 
n t 1  --~ 0 1f N 15 even, = 1 1f N 15 0dd, (4.2) 

where 54uare 6racket5 1mp1y the 1nte9ra1 part 0f the re5u1t. F0r examp1e, the e1ement 
f0r v = 2.64 km/5ee, 7 = 12.5 5ec ha5 the va1ue 0f N = 41, wh1ch tran51ate5 a5 n1~ = 2, 
nt~ = 1, n51 = 0, nt1 = 1.7hU5 the amp11tude Ca1CU1ated f0r th15 p01nt 0f the 9r1d W111 
6e affected 6y fre4Uency d0ma1n 1nterference fr0m tw0 6ranChe5 0f the de1ayed 519na1 
and 6y t1me d0ma1n 1nterferenCe fr0m the 0r191na1 and the de1ayed 519na15. 

P0rt10n5 0f the d1a9n05t1C d1a9ram Under the 1nf1UenCe 0f the Ray1e19h m0de and the 
f1r5t 5hear m0de C0rre5p0nd1n9 t0 the 0r191na1 519na1 are marked w1th h0r120nta1 11ne5. 
Re910n5 1nf1uenCed 6y the de1ayed 519na1 are marked w1th Vert1Ca1 11ne5. N0te that  the 
area 0f 1nf1UenCe 0f the 0r191nM 519na1 15 519n1f1cant1y 1ar9er. 7h15 re5U1t5 fr0m the faet 
that  the amp11tude5 0f the 0r191na1 519na1 are tw1ce a5 1ar9e a5 th05e f0r the de1ayed 
519na1. 

1f the eut-0ff 1eve1 0f 1nf1uenee 15 eh05en pr0per1y, the d1a9n05f1e d1a9ram perm1t5 a 
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51mp1e e5t1mate 0f the per10d ran9e 1n wh1ch 9r0up ve10c1t1e5 can 6e c0rrect1y 1nter- 
preted fr0m the e0nt0ur d1a9ram. 7h15, 1n term5 0f F19ure 10, w111 6e any p0rt10n 0f 
the 9r0up ve10e1ty curve wh1eh d0e5 n0t fa11 w1th1n the 11m1t5 0f 1nf1uenee 0f the 0ther 
519na1. 7he d1a9n05t1c d1a9ram 1nd1eate5, f0r examp1e, that the e0nt0ur5 5h0u1d y1e1d 
pr0per 9r0up ve10e1ty 1nf0rmat10n w1th1n the 1nterva1 fr0m 3.5 5ee t0 8 5ee f0r the 
Ray1e19h m0de 0f the 0r191na1 519na1.1t ean 6e 5een 0n the 1eft 51de 0f F19ure 10 that 
the e0nt0ur5 e105e1y f0110w the the0ret1ea1 9r0up-ve10c1ty eurve w1th1n th15 ran9e. 
51m11ar a9reement ean 6e f0und f0r the Ray1e19h m0de 0f the de1ayed 519na1, 1n a 
519n1f1eant1y 5ma11er per10d ran9e. 5at15faet0ry re5u1t5 are a150 f0und at the 5h0rt per10d 

8 A N D - W 1 D 7 H  - 0 . 4 0  

6R0UP ~R~uP 7~nVEL VEL M U L 7 1 P L E - F 1 L 7 E R  A N A L Y 5 1 5  D 1 A 6 N 0 5 7 1 C  D 1 A 6 R A M  VEL ~8F~Ve1. 
71ME KM25 KM15 71ME 

4 3 8 0 20 30 6 8 10 20 30 

t "~1.1~11~11~;1~,~17$,~11 Q 1U1 Xr 1 N N 111111111~1X1;~t%1;171111;r1~1~, 1 1 

- ~. ~ - ~,1~h~1]~:1~11~11-~ 11 ~ ~  ~. 1 - 111 1111 ~ K ~ ~ 5  - ~- 

;11111••1 1111 1111  ,  -4.0 - 4 . 0  - -4.0 

23 - . . . . . . .  , . . . .  ~111~11~1111111:11~1111~1-111111-1111111 :~;~ ~.~ ~ 

: - ~. ~ - 11.1~11~EL1~1.: ~:~11.~:4:~11111 ~;1 - ~. ~ - 

• • • 1 k  • 2 3  

3 0  

- 2 . 0  d 1 1 1 1 1 1 1 1 1 1 1 1 ~ 1 1 1 1 1 ~ ;  . . . . . . . . . . . . . .  111 E . ~ -  a~ 

P E R 1 0 D  P E R 1 0 D  

F10.11. Mu1t1p1e f11ter ana1y515 (1eft) and c0rre5p0nd1n9 d1a9n05t1c d1a9ram (r19ht) ca1cu1ated 
f0r the 5ame 5e15m09ram a5 5h0wn 1n F19ure 10. Re1at1ve f11ter 6andw1dth = 0.40. N0te 1mpr0ved 
re501ut10n 1n re910n5 where 9r0up ve10e1ty eurve 15 f1at. F0r further exp1anat10n 5ee capt10n f0r 
F19ure 10 and text,  5ect10n 4. 

end5 0f the f1r5t 5hear m0de f0r 60th the 0r191na1 and the de1ayed 519na15. 0n1y a 5h0rt 
1nterva1 0f the f1at p0rt10n 0f the f1r5t 5hear m0de 0f the 0r131na1 513na1 15 n0t d15tur6ed 
6y the 1nterfer1n9 513na1. 

F19ure 11 repre5ent5 the re5u1t 0f ana1y515 0f the 5ame 5e15m09ram w1th a 6r0ader 
f11ter 6andw1dth. 7he re1at1ve 6andw1dth 15 here 0.40, wh11e 1t wa5 0.25 1n the prev10u5 
ea5e. 7he 0n1y 1mpr0vement 1n the 5eparat10n 0f the5e 513na15 0ccur5 1n the f1at p0rt10n5 
0f the f1r5t 5hear m0de f0r 60th 513na15.7h15 e0u1d have 6een expeeted, 51nce the t1me 
re501ut10n 15 1mpr0ved 6y the 1ncrea5ed 6andw1dth. 7he 1mpr0vement 1n 5eparat10n 
6etween 513na1515 11m1ted f0r the de1ayed 513na1, 6ecau5e the 1ncrea5e 1n t1me re501ut10n 
15 a550c1ated w1th a reduet10n 1n fre4uency re501ut10n and a c0n5e4uent 6r0aden1n9 0f 
the c0nt0ur5 f0r the 5teep p0rt10n5 0f the 5hear m0de d15per510n curve. 7he re501v1n9 
p0wer 15 1e55 f0r the 0ther re910n5 0f the d15p1ay, c0mpared t0 the re5u1t5 1n F19ure 10. 
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7he c0mpar150n 0f F19ure5 10 and 11 111u5trate5 the effect 0f the f11ter parameter5 011 
the ana1y2ed re5u1t. 1t a150 5h0w5 that  d1a9n05t1c d1a9ram5 pr0v1de a u5efu1 and 
re11a61e t001 f0r 5e1ect10n 0f the f11ter 6andw1dth 1n 0rder t0 ana1y2e var10u5 p0rt10n5 
0f the d15per510n curve5.1t 15 w0rthwh11e t0 n0te that  the expend1ture 0f the c0mputer 
t1me re4u1red f0r ca1cu1at10n 0f a d1a9n05t1c d1a9ram 15 1n519n1f1cant 1n c0mpar150n w1th 
the t1me needed f0r mu1t1p1e f11ter ana1y515. 

7h15 type 0f d1a9ram may pr0ve t0 6e u5efu11n prete5t1n9 the re5u1t5 0f the mu1t1p1e 
f11ter ana1y515 when the f11ter parameter5 are var1ed t0 5u1t the 065erved d15per510n. 

V. C0NcLu510N5 

7he  mu1t1p1e f11ter techn14ue ha5 6een f0und t0 6e a rap1d, c0nven1ent meth0d 0f 
ana1y21n9 mu1t1-m0de d15per5ed 519na15. 1t5 t1me and fre4uency re501ut10n can 6e 
checked w1th the a1d 0f a 51mp1e d1a9n05t1c d1a9ram. 7he5e techn14ue5 5h0u1d have 
9reat ut111ty 1n 5tud1e5 0f rec0rded tran51ent 519na15. 
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