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Receiver Functions for Three-layer Media

"
CHi-CHIA TANG,] CHau-HUEI CHEN,I’ and TA-LiaNG TENG?

Abstract—We have extended the H-k stacking method of receiver functions applicable to a three-layer
model, which is useful in studying detailed crustal structures. We have demonstrated its application with two
sample sites in Taiwan, making use of travel times of converted phases from the direct P waves of teleseismic
events as the P reflects and refracts at different discontinuities in the crust. This three-layer extension allows a
closer examination on the crust, as well as the relationship between crustal layers and the associated V,/V,
ratios. Data were processed using the multiple-taper correlation technique to obtain the radial receiver functions
(RRFs). The relative time delays of the converted phases measured from the RRFs were used to estimate the
depths of the crustal discontinuities. Results not only yield the depths to principal crustal layers, including the
Moho, but also give the corresponding ranges of V,/V ratio which are comparable with findings from other
tomographic studies.
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1. Introduction

Since the first paper by PHINNEY (1964), teleseismic body waves are often used to
investigate the structure of crust. In recent years, the method of receiver function has been
successfully applied to studies of the structure of the crust, especially to the estimation of
the Moho depth. Among others, receiver functions are used to map the Moho depth in
several areas around the world (ZHu and Kanamori, 2000; LEVIN ef al., 2002; PArk and
LEeviN, 2000; LEvIN and PArk, 1997a, b, 1998, 2000; Owens and CrossoN, 1988, to name a
few). However, these studies mostly focused on estimating only the crustal thickness.
There have been comparatively few studies devoted to a layered crustal structure. In this
study, we noticed the complexities generally involved in the direct P waves that give rise
to clear multiple phases on the radial receiver functions (RRFs) profiles. We then have
extended the stacking method which was developed by ZHu and Kanamori (2000) to a
three-layer crustal model for the delineation of a layered crustal structure as well as the
Moho depth. This is essentially an interpretation of multiple P-S converted phases which
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are refracted and reflected at different discontinuities in the crust. In order to clearly
identify these multiple converted phases against a normally noisy background, stacking
of numerous radial receiver functions allows a significant improvement of the signal-
to-noise ratio, and consequently a clearer extraction of crustal layering information is
possible.

2. Method

Znu and Kanamori (2000) developed a stacking algorithm that used the amplitudes of
teleseismic multiple P-S converted phases and differential times between direct P and
other P-S converted phases to calculate the Moho depth and V,/V; ratios beneath the
station. They have successfully applied this stacking algorithm to obtaining Moho depths
and V/V; ratios of Southern California. For a single-layer crustal model, there are three
converted phase on the RRFs profile. The corresponding ray paths of these converted
phases have been shown in Figure la. The synthetic RRFs for a laterally homogeneous
and isotropic single-layer model is shown as Figure 1b with different ray parameter.
Relations between the depth of Moho discontinuity (Hyono) and the crustal V,/V, ratio
(k) for this model can be written as follows (ZHu and Kanamori, 2000), noting that 1/
V: = ka/V;

tps
Huoho = — et (1)
ky o 1 _ p2
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where tp is the differential travel-time between the direct P wave and the Ps phase; tp,ps
is the differential travel-time between direct P and PpPs, and tp,ss  psps is the differential
time between direct P and PpSs + PsPs. V, and V represent the P-wave and S-wave
velocities, respectively; and p is the ray parameter. From equations (1)—(3), we can use
the H-k stacking method developed by Znu and Kanamori (2000) to estimate the Moho
depth. Here, stacking is necessary as the Moho and crustal discontinuities are clearly not
strictly planar.

This paper extends the single-layer to a three-layer crustal model for more careful
delineation of discontinuities existing in the crust. To demonstrate our method, we begin
with a three-layer crust above the Moho shown in Figure Ic. For a three-layer crustal
model, the incident P waves will generate mutiple P-S converted waves which resulted
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(a)—(b) The ray paths of P-S converted phases for a single-layer and a three-layer media. The solid line indicates

P-wave ray path and the dashed line indicates S-wave ray path. V, and H; express the average P-wave velocity

and the thickness between discontinuity 1 and the free surface; the V5, and H, express the average P-wave

velocity and the thickness between discontinuity 2 and the free surface; and the V3, and H; express the average

P-wave velocity and the thickness between discontinuities 1 and 2. Five identifiable converted phases in a

three-layer medium are marked by Phl through Ph5. (¢) and (d) give synthetic RRF profiles, and corresponding
phases for a single-layer and a three-layer media are shown with different ray parameters.

from reflection and refraction at these layer boundaries. The corresponding ray paths are
shown in Figure 1c. For different ray parameter p, a synthetic RRFs profile for a laterally
homogeneous and isotropic three-layer crustal model is shown in Figure 1d drawn for a
reference model (Table 1). Five strongest converted phases are labeled with Phl through
Ph5 by their arrival times on RRFs profile and can also be estimated from the reference
crustal velocity model.

Phl is a P-S converted phase from discontinuity 1 and Ph3 is a multiple phase of Phl.
These two phases have comparable amplitudes. Similarly, Ph2 is a P-S converted phase
from discontinuity 2 and Ph5 is a multiple phase of Ph2. Ph4 is a P-SV conversion at
discontinuity 1 after the direct P wave reflects first at the free surface and at discontinuity 2.
With these definitions, we have extended (1) and (2) to two sets of equations involving
H, and H, shown in Figure lc:
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Table 1
The Reference Velocity Model (CHEN et al., 1994)

Layer Thickness, km Vo, km/s Vo/Vs
1 6 5.0 1.85
2 9 6.0 1.8
3 20 6.5 1.78
4 - 8.0 1.78
t
H, = : Phl , )
JX o L p?
le le

tpn3
H, = = : , (5)
/X 2 /1 _ 2
V?p p + V?p p

where tpy; is the travel-time difference between Phl and the direct P wave and tpy3 is the
travel-time difference between Ph3 and the direct P wave, and k; is the V/V; ratio
between discontinuity 1 and the free surface.

We can estimate the H, by a similar manner giving a second set of these equations as:

8
H, = : Ph2 ()
o —p - -
Vi v
tphs
(7)

K, 1 _ 27
V;p p + V;p p

where tpy,, is the travel-time difference between Ph2 and the direct P wave and tpy,s is the
travel-time difference between PhS and the direct P wave and k, is the V/V, ratio
between discontinuity 2 and the free surface.

In a grid-search method similar to that used by Znu and Kanamori (2000), we define
S, and S, as

Si1(Hi, ki) = Wenir(tph1) + Wpn3r(tens) (8)
S>2(Ha, kp) = WenoI(tpha) + Wpnst(tens ), 9)

where r(t) is the corresponding RRF, and tpy,, tpho, tpns, and tpys are the predicted Phl,
Ph2, Ph3, and Ph5 arrival times. wpy; is the weighting factor for the Phi phase and
Wph1 + Wpns = 1 and wpp + Wpps = 1. In equations (8) and (9), we do not use the
multiple converted phases with negative polarity to estimate the H, and H; because their
amplitudes are usually small and are often masked by other strong phases.

Using this method, we can derive H; (Fig. 2a) and H, (Fig. 2b) by locating the
maximum values of S; and S,. In this grid-search method, the uncertainty for the
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The stacked results are shown for (a) Hy, (b) Hy, (¢) Hz, and (d) Hyono With the same ray parameter of
0.065 s/km (corresponding to an epicentral distance of about 55 degree). The white spot shows the maximum of
the stacked results. These results agree well with the reference model (Table 1).

discontinuity depth is smaller than that for the velocity ratio. From Figures 2a and 2b, we
have arrived at reasonable H, and H; values as well as the velocity ratios.

Furthermore, the time separation between pairs among Ph3, Ph4 and Ph5 can be used
to estimate H; from equations (10)—(12) below, again writing 1/ V%S into k%/Vgp

t — 1
H3 _ Ph41 Ph3 , (10)
a2
v P
tpps — t
Hg _ Ph5 Phd (11)
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t — 1
H3 — Ph5 Ph3 (12)
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where kj is the V,/V| ratio between discontinuities 1 and 2. Again, we define S; as
S3(Hs, ks) = wi[r(tpna) + 1(tphz)] + W2 [r(tphs) + r(tpna)] + W3 [r(tens) + r(tens)].  (13)

The w; are weighting factors, and Y w; = 1. tpyg is the predicted arrival times of Ph4
and tpp3 and tpys are fixed which are obtained previously form Egs. (8) and (9). S5(Hs, k3)
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will reach a maximum when these phases are stacked coherently (Fig. 2c). The variances
of H; have the same definition used by Zuu and KaNaMoRI,

2
‘712-1i = ZGSi/z—I_ISiZI7 (14)
where o, is the estimated variance of S;(H;, k;) from stacking. In our analysis, if a
different P-wave velocity is used, different values of H;, H,, H3 and k will result, leading
to an inconsistency that the sum of H; and H; deviates significantly from H,. Moreover,
the effect of changes of P-wave velocity to the H; (or differential times between direct P
and Ps phases) is not as sensitive as to the change of the k values, as is also pointed out by
Znu and Kanamori (2000). From the above interpretation, a more precise P-wave velocity
is not necessary for more accurate results of H; and k;. Even though a full covariance
analysis among the parameters assumed in (14) cannot be easily obtained, the additional
independent check that H; + H; = H, should offer a reasonably confident estimate of

the results.

3. Data Processing and Results

Data used in this study are recorded at two stations TDCB and TPUB (Fig. 3a,
Table 2) of the Broadband Array in Taiwan for Seismology (BATS) for events between
2002 and 2004 with Mw > 5.5 and epicentral distances from 30° to 65° (Fig. 3b,
Table 3). These two stations are equipped with Strekeisen STS-1 (TDCB) and STS-2
(TPUB) sensors with a sampling rate of 20 sps. The two horizontal seismograms are
rotated to get the radial components that are used in this study. The multiple-taper
correlation (MTC) technique (Parx and LEevin, 2000) is used to calculate the radial
receiver functions (RRFs). Because this technique can obtain phases from a shallow low-
velocity layer atop the crust (PArk and Levin, 2000; LEviN and Park, 1997a). To extract
the important signal from the P wave coda from the raw data, a 60-s time window is used,
starting 10 s before the P-arrival. The cutoff frequency (low-pass limit, 2 Hz in this
study) is chosen by trial and error until we find the best RRFs profile. The weighting
factors of equations (8), (9) and (13) are tested until we get optimal result with
Wph1 = Wpp3 = Wpha = Wpps = 0.5 and w; = 0.4, w, = 0.3, w3 = 0.3.

3.1. Identifying Phases on RRF Profiles

The RRF profiles usually have seemingly disordered alignment which makes it
difficult to identify each phase. For this reason, we find it logical to fix the Phl and Ph3
phases first as guided by each ray path (Fig. 1c), then it is easy to derive that (1) the
arrival time of Ph1l must be the first; (2) Ph3 must arrive earlier than Ph4 and Ph5 must
arrive as the last on a RRF profile. Accordingly, we first identify that the first major
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< Figure 3

(a) Location of the two stations (TDCB and TPUB) in Taiwan. (b) The distribution of events. The event

(M,, = 6.4) for 10:19:06 October 17, 2003 is marked by a star located at 154.155°E and 5.471°S. (¢) A sample

of rotated seismogram recorded by station TDCB for the starred event in (b). This record begins at 10:17:57 and

the arrival of P wave is indicated by the dashed line. (d) Similar seismogram for station TPUB and this record
begins at 10:16:54.

Table 2

Locations of the two stations in Taiwan under study

Station Name Longitude, ° Latitude, ° Elevation, m
TDCB 121.1583 24.2520 1280
TPUB 120.6296 23.3005 370

phase behind the direct P wave is Phl on the RRF profile, we then use equations (4),
(5), and (8) to find Ph3 and estimate H; and K; at the same time. After confirming Phl
and Ph3, we search around the predicted arrival time of the Ph2 and the Ph5 on RRFs
profile. From the ray path of the Ph2 and the Ph3, we cannot determine which will
arrive earlier. Hence, we search these phases by trial-and-error using equations (6), (7)
and (9). Of course, the results still need to satisfy the above two conditions. In our case,
one phase appears between the confirmed Phl and Ph3 and we have identified it as Ph2.
Lastly, we search Ph4 between Ph3 and Ph5 and estimate H; by equations (10)—(13).
Ph4 is a good constraint on H; and H; as these two values must satisfy the condition:
H, + H; = H,.

We believe that potential users of this method do not know a priori what expected
crustal structure will best fit their data when they handle a crustal RRF problem,
Normally, they would first go for a gross feature by finding the Moho using the method
outlined in ZHu and Kanamori (2000). Then, if they find significant phases between Ps
and P, they would use equation (8) to search for additional discontinuities as outlined in
the text above, and at the same time make sure that the independent thickness check that
H, 4+ Hj3 = H, is by-and-large satisfied.

Both BATS stations (TDCB and TPUB) are located in the western foothills region of
Taiwan’s main mountain range (Fig. 3a) that should have similar gross crustal structures,
however it is also interesting to examine the structural differences. In order to enhance
signals of the multiple crustal reflections and refractions, we stack the RRFs to average
out the crustal irregularities and to improve the signal-to-noise ratio.

3.2. Finding Depth and k Value of a Layered Crust

Figures 4(a) and 5(a) show profiles of the stacked RRFs for TDCB and TPUB. The
converted phases are indicated by symbols Phl through Ph5 with arrows pointing to
their arrival times. Figures 4(b)—(e) and 5(b)—(e) show results for these two stations by
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Table 3
The List of Events
Date GMT Time Longitude, °© Latitude, ° Depth, km Mw
2002/12/20 14:14:42 147.943 -3.076 33.0 6.3
2002/12/12 8:30:42 153.275 —4.786 34.0 6.7
2002/12/5 11:14:30 153.435 —6.471 53.5 5.6
2002/11/26 0:48:15 —173.537 51.465 20.6 6.1
2002/11/20 21:32:30 74.515 35414 33.0 6.0
2002/11/7 15:14:6 179.334 51.197 33.0 6.5
2002/9/24 22:54:21 161.110 —10.565 10.0 6.2
2002/9/4 14:34:15 147.769 —0.821 10.0 5.5
2002/6/29 2:39:4 166.541 —12.479 66.0 6.1
2002/6/22 2:58:21 49.022 35.589 10.0 6.4
2002/6/21 0:5:45 146.838 —4.536 33.0 5.7
2002/6/17 21:26:25 166.423 —12.658 54.5 6.7
2002/5/25 5:36:32 —161.081 53.903 33.0 6.3
2002/5/8 19:45:20 160.713 53.767 58.0 5.8
2002/4/12 4:0:28 69.350 35.986 37.0 5.9
2002/4/11 21:56:56 167.724 —14.427 10.0 6.1
2002/3/25 14:56:37 69.269 36.008 33.0 6.1
2002/3/20 14:29:58 144.978 —3.572 22.9 5.5
2002/2/28 1:50:50 151.309 —5.742 58.2 6.2
2002/2/19 0:35:45 150.980 —3.781 10.0 6.1
2002/2/5 13:27:25 151.319 —5.389 443 6.6
2002/1/2 17:22:53 167.853 —17.667 53.7 7.2
2003/12/27 22:38:1 169.835 —21.672 10.0 6.7
2003/12/27 16:0:59 169.766 —22.015 10.0 7.2
2003/12/26 21:26:4 169.314 —22.273 10.0 6.7
2003/12/26 1:56:52 58.311 28.995 10.0 6.5
2003/12/25 20:42:33 169.488 —22.252 10.0 6.4
2003/12/9 12:44:1 —179.272 51.334 33.0 6.1
2003/12/5 21:26:9 165.780 55.538 10.0 6.7
2003/11/25 20:19:46 150.880 —5.581 35.0 6.6
2003/11/17 6:43:6 178.650 51.146 33.0 7.7
2003/11/6 10:38:4 168.892 —19.262 113.7 6.6
2003/11/2 13:35:31 150.329 44.579 33.0 5.5
2003/10/22 11:45:30 147.727 —6.058 53.5 6.3
2003/10/17 10:19:6 154.155 —5.471 35.1 6.4
2003/10/1 1:3:25 87.721 50.211 10.0 6.7
2003/9/27 18:52:46 87.765 50.091 10.0 6.4
2003/9/22 22:59:2 153.808 —4.992 94.1 5.8
2003/8/21 4:2:9 59.773 29.053 20.2 5.9
2003/7/25 9:37:45 149.694 —1.528 24.0 6.4
2003/7/21 13:53:58 148.853 —5.481 189.6 6.3
2003/7/15 20:27:50 68.382 —2.598 10.0 7.6
2003/6/28 15:29:42 146.148 —3.325 10.0 6.2
2003/6/23 12:12:34 176.783 51.439 20.0 6.8
2003/6/16 22:8:2 159.999 55.492 174.8 6.9
2003/6/15 19:24:33 176.923 51.552 20.0 6.5
2003/6/12 8:59:20 154.758 —5.985 186.3 6.3
2003/6/7 0:32:45 152.502 —5.095 33.0 6.5
2003/5/14 7:40:36 107.315 —8.060 79.1 6.0
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Table 3 Continued

Date GMT Time Longitude, °© Latitude, ° Depth, km Mw
2003/5/13 21:21:14 167.744 —17.287 33.0 6.3
2003/5/4 14:54:0 166.314 —11.287 33.0 6.0
2003/4/27 16:3:40 169.773 —20.944 77.4 6.2
2003/4/24 10:56:21 154.991 48.764 43.8 6.0
2003/3/31 1:6:53 151.429 —6.183 46.8 6.1
2003/3/25 2:53:25 120.743 —8.294 33.0 6.3
2003/3/19 0:3:42 156.587 —9.388 33.5 6.1
2003/3/17 18:55:47 177.971 51.295 33.0 6.2
2003/3/17 16:36:17 177.978 51.272 33.0 7.0
2003/3/15 19:41:28 160.387 52.249 30.2 6.0
2003/3/11 7:27:32 153.238 —4.694 40.2 6.6
2003/2/24 2:3:41 77.230 39.610 11.0 6.3
2003/2/19 3:32:36 —164.643 53.645 19.0 6.6
2003/2/12 22:33:30 144.242 —3.652 10.0 6.2
2003/2/10 4:49:31 149.792 —6.011 33.0 6.2
2003/1/23 0:8:22 118.524 —8.807 33.0 5.5
2003/1/20 8:43:6 160.770 —10.491 33.0 7.2
2003/1/10 13:11:56 153.701 —5.311 71.9 6.6

an optimization process described in equations (8), (9), (13) and equation (5) of ZHu
and Kanamori (2000), respectively. From Figure 4(a), we can see some slight
discrepancies of Ph3 on the stacked RRF profile. As the velocity structure beneath
the Taiwan area is quite complex, the crustal interface near the receiver station may not
be strictly planar, and the amplitudes of converted phases may be subject to different
reflection/refraction points and incident angles due to lateral inhomogeneities. For a
teleseismic ray path, small discrepancies in arrival times on the RRF profiles may also
be due to the above effects near the source. We believe that ray-path distortions of the
Ph3 caused by some crustal irregularities will create a broad peak in the H-k domain as
plotted in Figures 4(b)—(e) and 5(b)—(e). This situation results in a slightly larger error
range of the interface depth. However, by-and-large, the contour plots yield better
constraints on depth than on the k value. Similar estimated results also can be seen for
station TPUB.

We use equation (14) to estimate variances of the resulting H;. By stacking a large
number of events, we obtain an estimate on the data variances and combine the
variances with their amplitude on RRF profiles. This finally leads to an error estimate
giving the ranges of depth determination on H; to be 5.9 £ 0.5 km, H,
11.7 & 0.5 km, Hy 6.0 £ 0.8 km and Moho 30.5 £+ 1.8 km for station TDCB. For
station TPUB, respective values are H; 6.5 £ 0.6 km, H, 17.7 &+ 2.1 km, Hj;
10.4 £ 0.6 km and Moho 34.5 + 2.3 km. The depths to the discontinuities H;, Hp,
and Hj are correctly checked by the independent relation: H; + H; = H,. These two
BATS broadband TDCB and TPUB indeed sit on similar but clearly not identical
crustal structures.
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Estimated depths H;, Hy, H3, and Hyjopo for the station TDCB with ray parameter (p) = 0.065 s/km. The white
spots show the maximum of stacked results. (a) Results for RRF profiles and corresponding phases. (b), (c), (d),
and (e) give results of stacked S function for Hy, k;; Ha, ko3 Hs, k35 Hymono and ky,. The white spots give the
maximum values of stacked results.

4. Discussion and Conclusion

In this study, we have introduced a method to extend the H-k stacking method for
estimating the depths of velocity discontinuities for a three-layer crust, including the
Moho depth. The extention to an N-layer case is possible to formulate, but the data
resolution will not find it practical at this time. Because we ignore phases with
negative polarity, we assume that there is no low-velocity zone (LVZ) in the crust. In

other words, if LVZs exist in the crust, we cannot estimate accurate depths of

discontinuities based on data plotted in the H-k domain alone. However from the
tomographic study (i.e., Rau and Wu, 1995), LVZ does not exist in the crust of
Taiwan, or at least it is insignificant. Hence, our results give a reasonable crustal

structure of

Taiwan.
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Figure 5
Estimated depths H;, H,, H3, and Hyopo for the station TPUB with ray parameter (p) = 0.065 s/km. The white
spots show the maximum of stacked S function. (a) Results for RRF profiles and corresponding phases. (b), (c),
(d), and (e) give results for Hy, kq; Ha, ko; H3, k3; Hyono and ky,. White spots show the maximum values of
stacked S function.

In our method, we have stacked RRFs from teleseismic waveforms recorded by two
broadband stations to enhance the signal-to-noise ratio. The robustness and stability of
the method are well demonstrated. Using multiple converted phases to estimate the
depths of velocity discontinuities, it is possible to obtain more detailed crustal
information than using only one converted phase. However, as we have shown above,
the largest uncertainty of this estimation is associated with the amplitude and arrival
time discrepancies of these phases. From the event distribution, more events with
epicentral distances between 35° and 45° come from a back azimuth about 130°, i.e.,
from the southeast. Thus our teleseismic P waves sample the crust slightly to the
southeast of the stations, and RRF profiles display somewhat one-sided weighted crustal
structures. However, we are still able to determine with reasonable confidence the
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nature of the layered crust below those two stations, as Figures 4(b)—(e) and 5(b)—(e)
show the range of layer depths (H;, Hp, H3 and Hyono) and k values (k;, ks, ks, and
kerusy) for stations TDCB and TPUB, respectively. It is worth noting that these results
check well with the independent relation H; + H3 = H,. The total crustal thicknesses
from the two stations, both in the western foothills region of Taiwan about 100 km
apart, are quite similar despite some minor variations in the depths to different mid-
crust discontinuities. These discontinuities will provide a good check against results
from the large-scale crustal shooting Taiger Project (under joint funding from NSF and
the National Science Council of Taiwan), to take place in the Taiwan area (F. T. Wu,
personal communication, 2007). Also apparent in Figures 4 and 5 are that the results
give better constraints on H (H;, H,, H3 and Hyjono) than on the k values (ky, kj, k3, and
Kerst)- Although the error range of k values is relatively large, the principal goal of this
study is to determine H;, H, and Hj, and it is accomplished reasonably well. A regional
mapping of the crustal structure using this method will help clarify the tectonic
development and the subsequent sedimentation/erosion history of the region. It is quite
possible in this example that H; may be the depth to the crystalline basement upon
which lay the thick Tertiary sediments in Taiwan that are actively involved in the
Neogene orogeny. The H, is most likely the depth to the Conrad discontinuity, which is
observed elsewhere in the world and by other geophysical studies in Taiwan (e.g., YEN
and YEH, 1998).
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