Geophysical Prospecting, 2002, 50, 15-25

Imaging magnetic sources using Euler’s equation
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ABSTRACT

The conventional Euler deconvolution method has the advantage of being independ-
ent of magnetization parameters in locating magnetic sources and estimating their
corresponding depths. However, this method has the disadvantage that a suitable
structural index must be chosen, which may cause spatial diffusion of the Euler
solutions and bias in the estimation of depths to the magnetic sources. This problem
becomes more serious when interfering anomalies exist. The interpretation of the
Euler depth solutions is effectively related to the model adopted, and different
models may have different structural indices. Therefore, I suggest a combined inver-
sion for the structural index and the source location from the Euler deconvolution,
by using only the derivatives of the magnetic anomalies. This approach considerably
reduces the diffusion problem of the location and depth solutions. Consequently, by
averaging the clustered solutions satisfying a given criterion for the solutions, we
can image the depths and attributes (or types) of the causative magnetic sources.
Magnetic anomalies acquired offshore northern Taiwan are used to test the applic-

ability of the proposed method.

INTRODUCTION

Techniques using potential field derivatives to image sub-
surface magnetic or gravity source geometry, such as loca-
tions and depths, draw more and more attention. Among
these, the analytic signal and Euler deconvolution techniques
are widely used (e.g. Nabighian 1972, 1974, 1984; Atchuta
Rao, Ram Babu and Sanker Narayan 1981; Thompson 1982;
Sundararajan et al. 1985; Hansen, Pawlowski and Wang
1987; Reid et al. 1990; Roest, Verhoef and Pilkington 1992;
MacLeod, Jones and Dai 1993; Marson and Klingele
1993; Hsu, Sibuet and Shyu 1996; Ravat 1996; Debeglia
and Corpel 1997; Thurston and Smith 1997; Hsu, Coppens
and Shyu 1998; Keating 1998; Smith er al. 1998; Barbosa,
Silva and Medeiros 1999). The main advantage of using the
two techniques is that identified locations and depths to the
causative sources are independent of magnetization direc-
tions. To the author’s knowledge, the analytic signal method

has attained, to some extent, the ability of recognizing the
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source attributes of simple forms, such as thin sheet (or thin
dike), contact and cylinder structures (e.g. Hsu et al. 1998;
Smith et al. 1998). Barbosa et al. (1999) provided a means of
estimating a structural index but this requires (probably
manual) isolation of individual anomalies. Fully automatic
Euler deconvolution still suffers from the critical problem of
choosing an appropriate structural index to estimate the
source parameters. Unfortunately, a poor choice of structural
index can cause diffused solutions of source locations and
serious bias in depth estimation. This problem becomes
serious when the magnetic anomalies from two or more
sources interfere; for example, when two structures having
different structural indices are close to each other. In fact,
interfering anomalies are more or less inevitable in real data.

The structural index is a measure of the rate of change
with distance of a field (Reid et al. 1990). In other words,
this parameter provides information on the geometry of a
causative body (Table 1). Thus, we should estimate the struc-
tural indices when we estimate the locations and depths of
the causative sources from a field anomaly, rather than giving

a structural index prior to applying the Euler deconvolution.
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Table 1 Relationship between structural index (N), type of magnetic model and position of the calculated depth

N Type of magnetic model Position of Euler depth relative to the model
0 Contact or fault with small depth/throw ratio At top and edge
1 Thin dike or fault with large depth/throw ratio At top and centre, or at edge and half throw
2 Vertical or horizontal cylinder At centre
3 Sphere At centre
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Figure 1 (a) Magnetic anomaly caused by a contact structure. The magnetization parameters are described in the text. (b) The calculated depth
solutions (open squares) and structural indices (crosses) are obtained from the proposed method. One standard deviation of each depth solution
is plotted on each side of a square. No selection criteria are applied to the solutions for the purpose of demonstration. Note that good depth
solutions cluster at the top and edge of the model (shaded area) and good structural index solutions cluster around zero.

However, Euler’s equation involves not only the derivatives
of the potential field but also the field itself, and the absolute
level of the field for a structure is rarely known (Thompson
1982). Consequently, a constant but unknown base level is
commonly involved in the Euler deconvolution method. This
situation results in the dependence of the structural index on

the base level. For this reason, I suggest using only derivatives

of field anomalies to image magnetic sources, when Euler’s
equation is used. This approach allows us to estimate a
structural index for a magnetic anomaly, making the assump-
tion that interfering gradients from adjacent bodies or
regional effects are identically zero. Because the interpret-
ation of the calculated depths obtained from Euler’s equation

depends on the attributes of the magnetic sources, an
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appropriate estimation of the structural indices avoids
ambiguous depth determination from clustering solutions.

THEORY

Thompson (1982) showed that Euler’s homogeneity equa-
tion, when taking into account a base level for the back-
ground field, can be written as

=) S =30 = a0) G = NB=M), (1)
where M is the observed field at location (x,y, z) caused by a
magnetic source at location (xg,yo,20), B denotes the base
level of the observed field, and N denotes the structural
index. The parameters N and B in (1) are obviously depend-
ent on each other. For a valid determination of the structural
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index N, we take an nth-order vertical derivative for each

term in (1). After some rearrangement, we obtain
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For the integer 7> 1, (2) is independent of the base level B.
Theoretically, (2) is valid when the nth-order vertical
derivative of B is zero. For instance, when the background
field B is constant, then 7z > 1 must be used; when 0B/dz # 0
and 9*B/az*=0 (i.e. the source is located on a sloping
background), then 7n>2 must be used. A non-constant
magnetic background in fact is a common situation; for
example, the earth’s geomagnetic field is generally a min-
imum near the geomagnetic equator and it increases
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Figure 2 (a) Magnetic anomaly caused by a thin dike structure. Same magnetization parameters as in Fig. 1. (b) Solutions obtained from the
proposed method. Solutions display is the same as in Fig. 1. Note that good depth solutions cluster at the top and centre of the model (shaded
area) and good structural index solutions cluster around one.
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Figure 3 (a) Magnetic anomaly caused by a step structure with a large depth/throw ratio. Same magnetization parameters as in Fig. 1.
(b) Solutions obtained from the proposed method. Solutions display is the same as in Fig. 1. Note that good depth solutions cluster at the
midpoint of the throw of the model (shaded area) and good structural index solutions cluster around one.

gradually towards the geomagnetic poles. The components
of the vertical or horizontal derivatives of the magnetic
anomaly M in (2) could be obtained by numerical ap-
proximation (e.g. Hsu et al. 1996). Four unknowns, xo, Yo,
2o and N, remain to be determined. In general, four
equations are sufficient to solve for the four unknowns.
However, we can over-determine the four unknowns in
the least-squares sense to obtain more reliable solutions.
Therefore, in this study, four regularly spaced, consecutive
points in a profile data set (for the 2D case) or a window
of 4 x4 grid nodes (for the 3D case) are adopted as an
example. Both the first- and second-order vertical derivatives
(i.e. =1 and =2 in (2)) of each data point are used in
the following examples. To identify the good solutions for
the location and attribute of a structure, three criteria have
been used.

1 The uncertainty of each depth solution (i.e. zo) must be
limited. For example, Thompson (1982) kept solutions for
which zo/No, (i.e. the acceptance tolerance) is greater than
20, where o, is the standard deviation of the estimated depth.
For convenience, we will use zo/o, as the acceptance toler-
ance following the practice of Reid et al. (1990).

2 Good location solutions cluster at a structure.

3 Good structural index solutions also cluster at the correct
structural index.

SYNTHETIC MODELS

2D model tests

Four 2D models are tested to demonstrate the applicability of

the proposed method. The models consist of a contact model,
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Figure 4 (a) Magnetic anomalies caused by a horizontal cylinder structure. Same magnetization parameters as in Fig. 1. (b) Solutions obtained
from the proposed method. Solutions display is the same as in Fig. 1. Note that good depth solutions cluster at the centre of the model (shaded

area) and good structural index solutions cluster around two.

a thin dike model, a fault model with large depth/throw ratio
and a horizontal cylinder model. Their geometric shapes are
shown in Figs 1(b)-4(b). For convenience, the magnetization
intensity for each model is set at 2 A/m, and the magnetic
declination and inclination are —5° and 30°, respectively.
The grid spacing along the profile is 0.5 km. The correspond-
ing magnetic anomaly for each model is illustrated in
Figs 1(a)-4(a). It should be mentioned that only the magnetic
total field anomalies are obtained by model calculation. The
derivatives needed in (2) are calculated numerically, because
derivatives (especially higher order) are seldom acquired in
real surveys.

In Figs 1(b)-4(b), both good and bad solutions obtained
from every four consecutive points (i.e. eight equations)
along a profile are shown. For the purpose of discussion,

selection criteria are not applied to the solutions; thus, we

can see that good solutions are clustered for both the location
and structural index solutions, while the incorrect solutions
are diffused (Figs 1-4). Theoretically, a structural index is
always greater than zero. The negative structural indices
suggest wrong solutions and should be eliminated from the
final results. However, taking into account some error from
numerical approximation and noise, the estimated value of
a structural index may be ‘slightly less’ than zero. A suitable
structural index could be obtained by averaging the values
within a clustered area. As shown in Figs 1(b)-4(b), the
structural indices for a contact or a vertical step model with
a small depth/throw ratio, a thin dike model, a fault model
with large depth/throw ratio and a horizontal cylinder model
are clustered about 0, 1, 1 and 2, respectively. These values
are in agreement with the theoretical values of structural

index shown in Table 1.
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Figure 5 (a) Noisy magnetic data (solid line) which correspond to 30% noise in Fig. 1(a). The dashed line indicates an arbitrary 4 km upward

continuation of the data. (b) Euler solutions obtained by using the proposed method. Solutions display is the same as in Fig. 1.

The calculated depths to each 2D model are shown in Figs
1(b)-4(b). The error bar within + 10, of the calculated depth
is also plotted. It can be seen in Figs 1(b)-4(b) that the good
depth solutions are clustered and display small standard devi-
ations. However, we shall consider the interpretation of depth
solutions. That is, we must interpret the depth solutions
together with their associated structural indices. For example,
in Fig. 1(b), the good depth solutions cluster at the top and the
edge of the contact. For a thin dike model, the depth solutions,
in contrast, cluster at the top and centre of the thin dike
(Fig. 2b). For a vertical step fault, which has a large depth/
throw ratio (Fig. 3b), the obtained depth is located at about
the midpoint of the throw, rather than the top of the fault. For
a horizontal cylinder, the depths of the clustered solutions
are located at the centre of the cylinder (Figs 4b and 3).
These 2D models indicate that the depths calculated using

Euler’s equation are not necessarily the depths to the tops of

causative sources (Reid ez al. 1990; Ravat 1996). Their depth
interpretations depend on the geometric attributes of the
structures. These tests reveal the importance of knowing
the geometry of a magnetic source when Euler’s equation is
used to investigate the depth to the source.

Noisy data test

Noise in the magnetic anomaly of a magnetic source is more
or less inevitable in real surveys. To test the noise influence
on the proposed method, random noise with a range of about
10 nT is added to the noise-free magnetic anomaly in Fig. 1(a)
(Fig. 5a). These noise-corrupted data correspond to about
30% noise in the magnetic anomaly. To ensure a stable
calculation, the data are smoothed by upward continuation
for an arbitrary 4 km (Fig. 5a). The Euler solutions shown in
Fig. 5(b) are obtained by using (2) with n=1 and n=2.

© 2002 European Association of Geoscientists & Engineers, Geophysical Prospecting, 50, 15-25
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Figure 6 (a) Magnetic anomalies caused by a thin dike and a contact (or fault) model. The magnetization parameters are described in the text.
The locations of the models are shown by black lines. (b) Amplitude distribution of the first-order analytic signal of the magnetic anomalies
shown in (a). (c) The Euler’s solutions of (a) calculated on the basis of the conventional Euler deconvolution method of Reid et al. (1990) with
structural index N=0. (d) The Euler’s solutions of (a) calculated on the basis of the conventional Euler deconvolution method with structural
index N=1. Note that biased solutions are observed in both (c) and (d). (¢) With the proposed method, the calculated locations and depths
indicate the presence of the two structures very well. (f) The image view of the results in (e); the clustered depth solutions in each 0.5 x 0.5 grid
cell are averaged.
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Figure 7 The images of the average structural indices clearly indicate
the presence of a thin dike (N &~ 1) and a contact structure (N ~ 0) in
Fig. 6(a).

Again, no selection criteria are adopted for the solutions. As
we can see in Fig. 5(b), the good depth solutions cluster near
the ‘true’ depth (i.e. 5km) and the structural index solutions
cluster at a value slightly less than zero. It can be seen that
the good horizontal location is slightly mislocated to the west
of the assumed distance (i.e. at 50 km) (compare Figs 1c and
5b). However, the discrepancy in horizontal distance is less
than the grid interval of 0.5 km used here. When the noise
component (amplitude) is less than about 10% of the mag-
netic anomaly, the tests show that good depth and structural
index solutions cluster around the ‘true’ positions (i.e. depth
= Skm and N=0). This test implies that the proposed
method is especially good for imaging magnetic basements,
which are usually corrupted by high-frequency anomalies.

3D model tests

A 3D model composed of a linear thin dike and a linear
contact (or fault) (Fig. 6a) is used to examine the proposed
method. The trend of the thin dike is oblique to the contact
structure (Fig. 6a). The width of the thin dike is 0.2 km. The
depth to the top of both the thin dike and the contact is 1 km.
The magnetization is 1 A/m for both structures. The magnet-
ization declination and inclination are — 5° and 35°, respect-
ively. A grid spacing of 0.2km is used in the numerical
calculation. The resultant (interfering) magnetic anomalies
are shown in Fig. 6(a). Figure 6(b) shows the amplitude
distribution of the first-order analytic signal (Hsu et al.
1996) of the magnetic anomalies shown in Fig. 6(a). The

locations of the thin dike and the contact are clearly revealed

by the distribution of the maximum amplitudes of the
analytic signal (Fig. 6b). However, using only the maxima
of the analytic signal, we are still unable to recognize the
attributes of the underlying magnetic sources. The attributes
of the magnetic sources may be obtained by comparing the
amplitudes of different orders of analytic signal (e.g. Hsu et al.
1998; Smith er al. 1998).

For the conventional Euler deconvolution technique (Reid
et al. 1990), the interfering magnetic anomalies are especially
problematic when choosing a structural index. For example,
in Fig. 6(a), if we use the conventional Euler deconvolution
(Reid et al. 1990) and choose the structural index as zero (the
theoretical value for a contact structure), 6086 valid solu-
tions are obtained on the basis of a window of 5 x § grids
and the acceptance level of 5% (Fig. 6¢). As shown in
Fig. 6(c), the location solutions are generally good for both
models, whereas for the thin dike, the depth solutions are
significantly underestimated. The incorrect solutions are es-
pecially concentrated near the junction area of the models
(Fig. 6c). If the structural index is set at one (the theoretical
value for a thin dike), 1772 valid solutions are obtained with
the same criterion as for the structural index zero (Fig. 6d).
However, the location solutions are diffuse and the depth
solutions are biased. It can be seen that in this case, even
though the correct structure index is used for the dike, its
location and depth solutions are rather biased due to the
interfering anomalies from the contact structure. In fact,
the thin dike structure is not detected if the acceptance level
of 1% is adopted for the above two cases.

In order to demonstrate the enhanced utility of the pro-
posed method, a window of 4 x 4 grid nodes (i.e. 32 equa-
tions) is used to solve for the locations and structural indices.
Using (2) and taking the orders =1 and n=2, we obtain
690 valid solutions satisfying a tolerance (zo/0,) greater than
20. The solutions are clustered and indicate clearly the loca-
tions and depths of both models (Fig. 6e). However, incorrect
solutions also exist near the junction area (Fig. 6e). If we take
into account the location image from the analytic signal
amplitude (Fig. 6b), we can clearly discern the incorrect
location solutions. To obtain an image view and a plausible
depth estimation, the depth solutions in each grid column of
0.5 x 0.5 km? are averaged (Fig. 6f). In this case, the depth
estimation errors for either the thin dike or the contact model
are less than 15% in general. The images of the structural
indices for the models are obtained in a similar manner
(Fig. 7). Figure 7 clearly reveals the presence of the thin
dike (N~ 1) and the contact (N ~ 0) features (compare
Fig. 7 and Table 1).
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Figure 8 (a) Magnetic anomalies acquired in the nearshore of northern Taiwan (from Hsu et al. 1998). The white triangle marks a Pleistocene
volcano. (b) Amplitude distribution of the first-order analytic signal of the magnetic anomalies as shown in (a). Note that the maximum
amplitudes reveal the locations of magnetic sources. (c) The calculated locations and depths obtained using the conventional Euler deconvolu-
tion method of Reid ef al. (1990). The structural index N is set at 0.5 and the window size is 7 x 7 grids. The solutions are obtained with an
acceptance level of 3% (from Hsu ez al. 1998). Note that the solutions are generally diffuse. (d) Calculated depths and possible structures from
Hsu et al. (1998). (e) The calculated depths and their locations obtained using the present method. Note that the locations correspond perfectly
with the maximum amplitudes in (b). (f) The structures, indicated by letters 1 and 2 in (e), have structural indices of near one and zero,
respectively. The attributes of these two structures are in agreement with the structural types in (d), inferred from the amplitude ratio method of
Hsu et al. (1998).
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REAL DATA

For simplicity, in the real data example we use the magnetic
data (Fig. 8a) used by Hsu ez al. (1998). These magnetic data
were acquired in the nearshore of northern Taiwan (see Figs 9
and 10 of Hsu et al. 1998). To ensure a stable calculation, the
magnetic data were continued upwards for 800 m (Hsu et al.
1998). The geological context is described by Hsu e al.
(1998). Based on the maximum amplitudes of the analytic
signal (Fig. 8b), we can clearly discern the spatial distribution
of causative magnetic sources. The valid solutions from the
conventional Euler deconvolution method, though diffuse,
are generally located around the maximum amplitudes of the
analytic signal (compare Figs 8c and 8b). This is especially
true for the shallow depth solutions (less than 1km) whose
locations correspond to the peaks of the analytic signal. How-
ever, from the conventional Euler deconvolution method, we
cannot know the attributes of the causative sources.

If we use the proposed Euler method and adopt the same
criteria as in the 3D model test, the locations of the magnetic
sources agree well with the maximum amplitudes of the
analytic signal (compare Figs 8¢ and 8b). The depth solutions
are coherent with previous studies (compare Figs 8c—8¢). For
instance, looking at structure 1 in Fig. 8(e), we know that the
possible depth to the sources is around 0.5 km. This depth
solution is in agreement with the solutions shown in Figs 8(c)
and 8(d).

obtained for structure 1 suggests that structure 1 is probably

Moreover, the image of the structural index

a thin dike feature because its structural index is about one
(compare Fig. 8f and Table 1). This result is similar to the
result from the amplitude ratio method (compare Figs 8f and
8d). If we look at structure 2 in Fig. 8(e), it also has a similar
depth to those in Figs 8(c) and 8(d). The structural index
suggests that structure 2 is probably a contact or step-like
feature (compare Fig. 8f and Table 1). This result is also
consistent with the result from the amplitude ratio method
(Hsu et al. 1998). Because of the use of a strict criterion, the
solutions shown in Fig. 8(e,f) do not reveal the structures
appearing in the middle part of Fig. 8(c) or Fig. 8(d). Those

structures emerge when a looser criterion is used.

CONCLUSION

The structural index in the Euler deconvolution method can
imply a magnetic source attribute. The structural index pro-
vides the position information of the calculated Euler depth
solutions relative to the assumed causative model (Table 1).

Thus, instead of assigning a structural index, this parameter

should be estimated during Euler deconvolution. To achieve
this purpose, I suggest using only the derivatives of the
magnetic anomaly, through (2). With knowledge of the struc-
tural index, the interpretation of a magnetic source becomes
easier and more significant for geophysicists and geologists.
The estimation of structural index is especially important when
interfering magnetic anomalies are present, implying that the
use of a fixed structural index is not appropriate. If we use
Euler’s equation, via (2), to image the depths and attributes
of magnetic sources, we obtain the following advantages.

1 The diffuse solutions from the conventional Euler decon-
volution are considerably reduced; the wvalid solutions
obtained locate the magnetic sources well. Consequently,
the imaging of magnetic sources becomes meaningful.

2 Because we now have a structural index associated with
each calculated depth, interpretation of the Euler depths
becomes more significant.

3 Because the base level is eliminated, the numerical calcula-
tion becomes easier and we do not need to estimate the base
level from some sophisticated approach.

4 The problem of interfering magnetic anomalies is signifi-
cantly reduced because of the abandonment of a fixed struc-
tural index and the use of higher-resolution, higher-order
derivatives of the magnetic anomalies. One should, however,
pay attention to the amplification of the noise during numer-
ical differentiation; this problem could be alleviated by
upward continuation of the magnetic anomaly.
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